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1 Abstract
In this work we show that the classical subject of general valuation theory and Zariski-
Riemann varieties has a much wider scope of applications than commutative algebra and
desingularization theory.
We construct and investigate birational projective limit objects appropriate for the study
of countably many birational models at one time.
We use nonseparated Riemann varieties to investigate the birational structure of integral
preschemes satisfying the existence condition of the valuative criterion of properness.
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2 Introduction
Basically, the study of varieties up to birational equivalence is the study of algebraic func-
tion fields. Valuation theory is one means to do this. The study of discrete algebraic rank
one valuations can be considered as the study of Cartier divisors on some birational model
X of K = K(X) . The study of linear series on varieties is actually equivalent to looking
for rational functions having a value bounded below at some finite set of discrete algebraic
rank one valuations.
We will show in this work that the classical subject of general valuation theory and Zariski-
Riemann varieties has a much wider scope of applications than commutative algebra and
desingularization theory.
Even if one is interested in particular birational models, for instance the so called minimal
models, the process of finding these involves apriori an infinite set of birational models and
the definitions of the standard classes of singularities considered in the Log Minimal Model
program involve considering divisors on all sufficiently high birational models of a given
variety X . So it is desirable to have some geometric object that ”lies above”, i.e., domi-
nates all birational models under consideration. There is a well defined object, depending
only on the function field, called the Zariski-Riemann variety R(K/k) of K, which is a
locally ringed space, all of whose local rings are the valuation rings of the function field.
It dominates each model of the function field. So whenever arguments involve considering
infinitely many birational models of a variety X at one time such as an apriori infinite
log flip sequence, one could try to implement these arguments directly on the Riemann
variety or a countable birational limit object in the category of locally ringed spaces and
then use the geometric properties of R(X/k) such as ,e.g, quasicompactness to carry on.
For instance, it is easy to show using quasicompactness that a b-Cartier-divisor on K(X)
is simply a Cartier divisor on the locally ringed space R(K(X)).
Preschemes are considered by the broad majority of algebraic geometers as ”pathological ”
or ill behaved phenomena of Grothendieck algebraic geometry. Most of them know just the
example of the projective line with one point doubled and bear in mind that one cannot
say anything useful about them in full generality.
In this work, we will show that this is not the case.
First, nonseparated schemes and nonseparated algebraic spaces occur naturally as moduli
spaces of nonseparated moduli functors, such as the moduli functor of all projective non-
singular varieties of a fixed dimension.
Secondly, in dimension larger than one, by patching together arbitrary complete models of
a given function field along the open loci where they are isomorphic gives many interesting
examples of integral preschemes that are not of the standard kind obtained by doubling
subvarieties of a given complete variety.
After fixing the necessary notations we start by giving a short review of classical valuation
theory such as can be found in [9][Volume 2, Chapter VI].
In section four, we show that projective limits of preschemes exist in the category of locally
ringed spaces. We will study geometric properties of Riemann varieties and more generally
of projective limit objects of preschemes in the category of locally ringed spaces such as
the structure of closed subsets.
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In 5.5 we prove that the projective limit projlimXj−→XiXj over a system of quasicompact
preschemes is quasicompact with respect to either the projective limit of the Zariski or
constructible topologies on the preschemes Xi . This is a generalization of the classical
theorem of Chevalley saying that the Riemann variety of a function field is quasicompact
and of a result of F.V. Kuhlmann saying that the Riemann variety is still quasicompact
with respect to the constructible topology (see [5][Appendix, Theorem 36,p.21]). On the
contrary, we show that the space of discrete algebraic rank one valuations of a function
field of transcendence degree larger than one is not quasicompact.
In 5.8 we prove that the projection maps pi : projlimXj−→XiXj −→ Xi are closed if one
assumes that the transition morphisms pij : Xj −→ Xi are all proper. This may be
rephrased by saying that ”the projective limit of proper morphisms is again proper”.
In section five we will use nonseparated Riemann varieties to study phenomena of inte-
gral preschemes satisfying the existence condition of the valuative criterion of properness,
which carry a rich birational geometric structure.
We hope that our investigations will be helpful to answer the following question:
Given an integral prescheme X of finite type /k that satisfies the existence condition of
the valuative criterion of properness, under which circumstances can there always be found
an open complete subscheme X ′ ⊂ X?
A positive answer to this question is undoubtedly helpful in order to compactify families
of algebraic objects if these form a coarsely representable moduli functor that satisfies the
existence condition of the valuative criterion of properness.
We give a criterion for an integral prescheme to satisfy the existence condition of the val-
uative criterion of properness and show that for an integral prescheme X of finite type
to be complete it suffices that each discrete algebraic rank one valuation has exactly one
center on X .
We study integral preschemes X by means of the basic diagram in the category of locally
ringed spaces
X
pX
←− R(X)
qX
−→ R(K(X)),
where R(X) is the Riemann variety of the integral prescheme X , pX is the canonical pro-
jection, R(K(X)) is the Riemann variety of the function field and qX is the canonical local
isomorphism. We introduce and study the subsets Sn(X) ⊂ R(K(X)) of all valuations
having under the map qX at least n preimages in R(X) . Our main result is 6.18 (with
most of the work being done in 6.17), asserting that for an integral prescheme of finite
type satisfying the existence condition of the valuative criterion of properness, the subsets
Sn(X) are Zariski closed in R(K(X)) for all n ∈ N . By closedness of the map pX , the
sets Tn(X) := pX(q
−1
X (Sn(X))) are Zariski closed subsets of X . These sets consist of all
x ∈ X for which there exists a valuation ν having beside x at least n− 1 other centers on
X .
We introduce on each integral prescheme X the canonical stratification (Xn)n∈N defined
by Xn := Tn(X)\Tn+1(X) . Each Xn is by definition a constructible set. We show that
for X of finite type this is a finite stratification.
We hope that our main result 6.18 has applications to the study of nonseparated moduli
spaces and also makes them worth to be considered. We have the following in mind. The
moduli functor M of all projective reduced but not nessessariliy irreducible varieties of
general type with semi-log canonical singularities that are minimal models, i.e., with KX
big and nef, should satisfy the existence condition of the valuative criterion of properness.
Thus its coarse moduli space M should be a (nonseparated) prescheme or nonseparated
algebraic space of finite type satisfying the existence condition of the valuative criterion
of properness. Its canonical stratification (Mn)n∈N should have the following meaning.
If m ∈ Mn , there exist points m1 = m,m2, ...,mn ∈ Mn all being centers of the same
valuation. These points represent complete varieties X1 = X,X2, ..., Xn . These should be
all birationally equivalent to X and should consist of all minimal models of X . Thus n
could be interpreted as the number of minimal models of a given complete variety X .
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3 Notations and Conventions
Throughout this work k denotes a base field of characteristic zero.
K denotes a function field over k.
If ν is a Krull valuation of K we denote by
Aν the corresponding valuation ring,
mν its maximal ideal and
kν or κ(ν) the residue field.
Krull valuations of a field we will always denote by greek letters ν, µ, ω, ... whereas for
scheme points we will use latin as well as greek letters x, y, x, η, ξ, ... .
By a (birational) model for K we understand a complete integral normal variety X with
K(X) = K, K(X) denoting the field of rational functions on X .
R(K/k) or simply R(K) denotes the Zariski-Riemann variety of the field extension K/k .
For a finitely generated k-subalgebra A of K , RK SpecA denotes the subset of all Krull
valuations ν ∈ R(K/k) with A ⊂ Aν . If the function field in question is fixed and clear
from the context or is the quotient field of A, we will use the simpler notation R SpecA .
ForX/k any integral prescheme R(X/k) or simply R(X) denotes throughout the Riemann
variety X/k .
For a field extension K/k , RAb(K/k) denotes the subset of all Abhyankar places and
Rm,n(K/k) denotes the subset of all places of rational rank m and rank n. The set of
discrete rank one algebraic places we simply denote by R1(K/k) .
If X is an integral scheme and ν ∈ R(K(X)) we denote by cX(ν) the unique center of ν
on X , if it exists, and that is then the unique scheme point η of X such that the valuation
ring Aν dominates OX,η . We put CX(ν) = cX(ν) . By saying that ν has center on SpecA
we mean that A ⊂ Aν . If this is the case, then the scheme point corresponding to the
prime ideal mν ∩ A corresponds to the point that is the center of ν on SpecA .
If A is an integral k-algebra inside some field K, An denotes the normalization of A inside
its quotient field and An,K the normalization of A inside K.
If (X,OX) is a locally ringed space andK is an abelian group, we denote by KX or simply
by K the constant sheaf associated to the presheaf that takes as value the abelian group
K on every open subset of X .
If ω is a rational top differential form of the function field K(X) , and X an integral
normal prescheme, then KωX denotes the divisor of zeroes and poles of the rational section
corresponding to ω of the canonical reflexive sheaf of X .
By the existence condition of the valuative criterion of properness we mean the following
property of an integral prescheme X/k: Given an arbitrary field L and a valuation ν ∈
R(L/k) , for each morphism
f : SpecL −→ X/ Spec k
there exists at least one morphism
g : SpecAν −→ X/ Spec k
such that f = g ◦j where j : SpecL −→ SpecAν is the canonical morphism corresponding
to the inclusion j♯ : Aν −→ L .
4 Review of valuation theory
We will use in this paper only well known facts about valuation theory of function fields
as can be found in [9][Volume II, chapter VI], which we will review for the convenience of
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the reader. For a good readable account of the basics of valuation theory, see [10]. We
will only be concerned with Krull valuations of a field K, or, more generally of the relative
situation of a field extension K/k , k being a base field of characteristic zero.
We recall that a Krull valuation is a homomorphism of abelian groups
ν : K∗ = K\{0} −→ Γ,
K∗ with the multiplication and Γ being totally ordered such that for all f, g ∈ K one has
ν(f + g) ≥ min(ν(f), ν(g)),
where ν(0) is considered to be ∞ .
The set Aν ⊂ K consisting of all f ∈ K such that ν(f) ≥ 0 (including f = 0 ) is
easily seen to be a ring, not necessarily noetherian, called the valuation ring of ν and the
subset mν ⊂ Aν consisting of elements f with ν(f) > 0 is the maximal ideal. The field
kν := Aν/mν is the usual residue field and the image of the homomorphism ν in Γ is
denoted by Γν and is called the value group of ν .
Two valuations are said to be equivalent, if the associated valuation rings are equal.
Valuation rings inside a field can be characterized as being maximal subrings of K with
respect to the partial order of domination between local rings, i.e., the relation (A,m) <
(B, n) iff there is a local homomorphism (A,m) −→ (B, n) being the identity on generic
points (see [10][chapter 1, p.1]) .
From this maximality property a valuation ring, Aν has the property that for each f ∈ K∗
at least one of the two elements f and f−1 is in Aν . It follows, that the abelian group
K∗/A∗ν is totally ordered with respect to the relation
[f ] < [g] if [gf−1] ∈ Aν .
There is always a canonical isomorphism of totally ordered abelian groups
(∗) : K∗/A∗ν ∼= Γν sending [f ] to ν(f).
If L ⊂ K is any subfield, we may restrict ν to L and obtain a valuation of L, denoted by
ν |L .
It is known (see [9][Vol.I, chapter 7, Theorem 11] that each valuation ν of a field K can
be extended to a valuation µ of any field extension K ⊂ L , algebraic or not, such that
µ |K= ν .
A valuation ν of K will be called over a subfield k ⊂ K , if ν |k is the trivial valuation, i.e.,
ν(c) = 0 for all c ∈ k∗ . k will usually be the fixed base field. If we assume the restriction
to be trivial, we will simply write ν ∈ R(K/k) .
We denote the dimension of the Q-vector space Γν ⊗Z Q by rr(ν) and call it the rational
rank of the valuation ν. The Krull dimension of the valuation ring Aν will be called
the rank of ν , denoted by r(ν) . We always have an inequality r(ν) ≤ rr(ν) . The
transcendence degree trdeg(kν/k) will be called the dimension of ν denoted by dim(ν) .
A segment ∆ of a totally ordered abelian group Γ is a symmetric subset such that
α, β ∈ ∆, α < γ < β ∨ β < γ < α⇒ γ ∈ ∆.
By [10][chapter 1.2, Proposition 1.6, p.4] there is a one-to-one inclusion reversion corre-
spondence between segments of Γν and ideals of Aν . If a ⊂ Aν is an ideal, then the
associated segment ∆(a) is defined by
∆(a) := {γ ∈ Γ | γ < ν(a)∀a ∈ a ∨ γ > −ν(a)∀a ∈ a}.
If ∆ ⊂ Γ is a segment, then the associated ideal a(∆) is defined by
a(∆) := {a ∈ Aν | ν(a) > δ∀δ ∈ ∆}.
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We recall that the order rank of a totally ordered abelian group Γ is the length of the
maximal chain of convex subgroups
0 ( Γ1 ( Γ2 ( ... ( Γn = Γ.
By [10][chapter 1.2,Corollary Theorem 1.7,p.5] the Krull dimension of Aν equals the order
rank of Γν . If K happens to be of finite transcendence degree over k, all the above defined
numbers are finite and there is always the fundamental Abhyankar inequality
rr(ν) + dim(ν) ≤ trdeg(K/k).
A place ν for which equality holds is called an Abhyankar place. If K happens to be
finitely generated over k, then for an Abhyankar place ν , the value group Γν is known
to be a finite (free) Z-module and the residue field kν := Aν/mν is known to be finitely
generated over k. Both properties may fail in general for arbitrary places of a function
field K/k and such places always exist if trdeg(K/k) ≥ 2 .
It is known that every totally ordered abelian group Γ with finite rational rank can be
order imbedded into some Rnwith the lexicographic product order of the usual order on
the factors R . We always have n ≥ r(Γ) and it is known that the smallest n ∈ N for
which there exist such an embedding is equal to the rank, i.e., if Γ = Γν , then n equals
the Krull dimension of Aν , hence the rank of ν .
We will consider in this paper exclusively fields K of finite transcendence degree over a
base field k . We denote by Rn,l(K/k) the subset of all valuations ν of R(K/k) with
rr(ν) = n and r(ν) = l . We denote by Rn,lAb(K/k) ⊂ R
n,l(K/k) the subset of all such
Abhyankar places.
The space of all algebraic discrete rank one valuations (R1,1Ab (K/k)) we will simply denote
by R1(K/k) .
If Aν ⊂ K is a valuation ring and Aν1 ⊂ kν is another valuation ring, we can form the
composed ring
Aν◦ν1 := p
−1(Aν1)
where p : Aν −→ kν is the canonical residue map. As the notation suggests, Aν◦ν1 is
again a valuation ring of K and the corresponding valuation is called the composition of
ν with ν1 , denoted by ν ◦ ν1 . Because
Aν◦ν1\mν◦n1 ⊂ Aν\mν,
there is a canonical surjection
K∗/A∗ν◦ν1 −→ K
∗/A∗ν ,
whose kernel is canonically isomorphic to p−1(k∗ν1)/p
−1(A∗ν1) which is again canonically
isomorphic to k∗ν1/A
∗
ν1 .
Using the canonical isomorphisms (∗) , we get a canonical exact sequence of ordered abelian
groups
(∗∗)0 −→ Γν1 −→ Γν◦ν1 −→ Γν −→ 0,
such that Γν1 −→ Γν◦ν1 is an order inclusion and Γν1 is a convex subgroup of Γν◦ν1 in
the sense that if
α, β ∈ Γν1 , γ ∈ Γν◦ν1 and α < γ < β, then also γ ∈ Γν1 .
The order on Γν is isomorphic under these isomorphisms to the induced quotient order on
Γν◦ν1/Γν1 .
Every totally ordered abelian group must necessarily be a torsion free Z-module, hence
every such sequence possesses a (noncanonical) order preserving splitting
Γν −→ Γν◦ν1 .
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If Γν happens to possess a finite Z-basis γi, i = 1, ..., n , then any choice of elements t1, ..., tn
with ν(ti) = γi , which we sloppily call a Z-basis of ν , induces a splitting of (∗∗) . Namely,
writing γ ∈ Γν as [f ] ∈ K∗/A∗ν under the above isomorphism (∗) , writing
ν(f) =
∑
i
niν(ti), ni ∈ Z,
we first send [f ] to
(ν1(p(f ·
∏
t−nii )) ∈ Γν1
(observe f ·
∏
i t
−ni
i ∈ A
∗
ν ). This is indeed a group homomorphism. We define the isomor-
phism
φ(t) : Γν◦ν1
∼= Γν ⊕ Γν1
by sending [f ] to (ν(f), ν1(p(f ·
∏
i t
−ni
i ))) .
Examples of zero dimensional valuations
Example 4.1 (Monomial valuations)
Suppose (A,m, k) is a regular local ring essentially of finite type and the residue field k
is algebraically closed ( and of characteristic zero). Then (A,m, k) is a smooth local
k-algebra and there are elements r1, ..., rn ∈ A such that the induced morphism φ :
k[x1, ..., xn](x1,...,xn) −→ A, xi 7→ ri, i = 1, ..., n is etale (see [1][SGA I, Expose II, Definition
1.1, p.29]). r1, r2, ..., rn is then necessarily a regular sequence generating the maximal ideal
m . Let Â be the completion of A along the maximal ideal. As φ is etale, we have
Â ∼= ̂k[x1, x2, ...xn](x1,x2,...,xn)
∼= k[[x1, x2, ..., xn]].
We have thus an inclusion A →֒ k[[x1, ..., xn]] where ri maps to xi for i = 1, ..., n . Now
choose positive real numbers ci > 0 and if
p(r1, ..., rn) =
∑
I
rI
is a homogenous polynomial define
ν(p) = minI(
n∏
j=1
ij · cj) > 0.
Now if p is a power series in Â , define
ν(p) = infnν(pn),
where pn is the homogeneous part of p of degree n. If c = min
n
i=1ci , then
ν(pn) ≥ nc , which tends to infinity. Thus the above infemum is for every power series
actually a minimum. Thus we have ν(p) ∈ Z(c1, ..., cn) ⊂ R . It is clear that ν(p + q) ≥
min(ν(p), ν(q)) as power series are added term by term. Similarly, there is a monomial
mp occurring in the power series of p and a a monomial mq in the power series of q such
that ν(p) = ν(mp) and ν(q) = ν(mq) . Then the monomial mpmq occurs in the power
series of pq and is there the monomial with minimal value. Thus
ν(pq) = ν(mpmq) = ν(mp) + ν(mq) = ν(p) + ν(q).
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We thus can extend ν to k((r1, ..., rn)) by ν(
p
q ) = ν(p) − ν(q) to get a valuation of
k((r1, ..., rn)) . Restricting to K(A) ⊂ k((r1, ...rn)) we get a valuation of K(A) with
center above A . It has finitely generated value group. If c1, ..., cn are linearly independent
over Q then we get a zero dimensional Abhyankar place of rank one and rational rank n.

Example 4.2 (Flag valuations) These are the nonnoetherian valuations that are most
commonly known to nonspecialists.
Let K/k be a function field and X be a model of K. Consider a flag of subvarieties
X = D0 ) D1 ) ... ) Dn ) 0
such that
i each Di, i = 0, ..., n is integral.
ii The local ring ODi,ηDi+1 is one dimensional and regular.
It follows that ODi,ηDi+1 is a discrete algebraic rank one valuation ring with corresponding
valuation νi in the function field k(Di) for all i = 1, ...., n . We can form the successive
composition ν := ν0 ◦ ν1 ◦ ... ◦ νn−1 and get a valuation of the function field K(X) .
Since under composition the rational rank and the rank are additive (see [10][chapter 1.2,
Corollary to Proposition 1.11, p.9]), we have rr(ν) = n and r(ν) = n hence we have got
an Abhyankar place in Rn,nAb (K(X)) . The value group Γν is isomorphic to Z
n but in a
noncanonical way! Such an isomorphism depends on the choices of local parameters for
the discrete algebraic valuation rings in the function fields k(Di) . 
Example 4.3 (Mixed valuations) In example (2) we might as well take an incomplete flag
D0 = X ) D1 ) ... ) Dk
in order to construct an Abhyankar place ν ∈ Rk,kAb (K(X)) . It has dimension dim(ν) =
trdeg(κ(ν)) = n − k . We can take an arbitrary monomial valuation ν0 of the function
field κ(ν) (example (1)). and form the composed valuation µ := ν ◦ ν0 .
By the additivity of rank and rational rank (see [10][chapter 1.2, Corollary to Proposition
1.11, p.9]), we have got an Abhyankar place in Rn,k+1Ab (K(X)) . 
5 Riemann varieties and projective limit objects in the
category of preschemes
Projective limit objects in the category of preschemes It is known that
projective limits in the category of preschemes do not exist in general. They exist in
the case of affine transition morphisms. In this section, we will consider projective limit
objects of preschemes with proper transition morphisms. We show that they exist in the
broader category of locally ringed spaces. Our main motivation to consider them is the
description of Zariski-Riemann varieties as birational projective limit objects. Our main
results are that projective limits of quasicompact preschemes are again quasicompact and
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that projective limits of proper morphisms are universally closed.
For each directed set I and each collection
Xi, i ∈ I, fij : Xj −→ Xi for i < j
with Xi a prescheme and fij a proper morphism, we want to construct the projective
limit object
X̂ := projlimi∈IXi
in the category of locally ringed spaces.
As a point set, we define
| X̂ |:= projlimi∈I | Xi |
and we put on | X̂ | the coarsest topology such that all the natural projections
pXi = pi :| X̂ |−→| Xi |
become continuous. I.e., one declares the set{⋂
i∈F
p−1Xi (Ui) | F ⊂ I finite , Ui ⊂ Xi Zariski open
}
to be a basis of open subsets.
This is called the Zariski topology on X̂ .
On X̂ one has the directed system of sheaves of rings p−1XiOXi , and homomorphisms of
sheaves of rings
φij := p
−1
Xj
(f ♯ij) : p
−1
Xi
(OXi) −→ p
−1
Xj
(OXj )
for each proper birational morphism
fij : Xj −→ Xi.
We define the structure sheaf OX̂ to be the direct limit limi∈I p
−1
Xi
OXi of the inductive
system ((p−1Xi (OXi))i∈I , φij) .
For each point x̂ ∈ X̂ that is given by an indexed set of points xi ∈ Xi fij(xj) = xi the
stalk OX̂,x̂ is the inductive limit of the local rings OXi,xi under the local homomorphisms
p−1j (f
♯
ij) : OXi,xi −→ OXj ,xj
and so itself local. Therefore, the space (X̂,OX̂) is a locally ringed space.
Lemma 5.1 Let ((Xi)i∈I , fij) be as above an indexed system of preschemes Xi and proper
morphisms fij . Then the above defined locally ringed space (X̂,OX̂) is the projective limit
of this system in the category of locally ringed spaces.
Proof: The proof is straight forward. Let (Y,OY ) be any locally ringed space and
gi : (Y,OY ) −→ (Xi,OXi) morphisms of locally ringed spaces commuting with the fij :
gi = fij ◦ gj ∀i, j ∈ I, i < j.
As point sets, we get a unique map g :| Y |−→| X̂ | such that gi = pi ◦ g since | X̂ | is the
projective limit in the category of sets. Let for some finite set F ⊂ I⋂
i∈F
p−1i (Ui), Ui ⊂ Xi Zariski open
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be a basic open subset in X̂ . Since gi is continuous, g
−1
i (Ui) = g
−1p−1i (Ui) is open in Y .
Hence ⋂
i∈F
g−1(p−1i (Ui)) = g
−1(
⋂
i∈F
p−1i (Ui))
is open in Y . Thus g is continuous.
We have homomorphisms of sheaves g♯i : g
−1
i OXi −→ OY , commuting with the homomor-
phisms
g−1j (f
♯
ij) : g
−1
i OXi −→ g
−1
j OXj .
Hence we get a unique homomorphism of sheaves
g♯ : lim
i∈I
g−1i OXi = g
−1 lim
i∈I
p−1i OXi = g
−1OX̂ −→ OY
such that g♯i = p
♯
i ◦ g
♯ .
Thus (g, g♯) is a morphism of locally ringed spaces. 
Of course, the main example we have in mind is where I is the set of all proper birational
models of a function field K/k and i < j iff there is a proper birational morphism fij :
Xj −→ Xi . In this case X̂ is called the Zariski-Riemann variety of the function field K/k ,
to be introduced in the next paragraph.
Lemma 5.2 Let
((Xi)i∈I , fij) and ((Yi)i∈I , gij)
be two projective systems of preschemes indexed by the same directed set I. Let (hi : Xi −→
Yi)i∈I be a collection of morphisms of preschemes such that for i < j : hi ◦ fij = gij ◦ hj .
Then the induced map of the projective limits
h : projlimi∈IXi −→ projlimi∈IYi
is a morphism of locally ringed spaces.
Proof: The projections pl : projlimi∈IXi −→ Xl are morphisms of locally ringed spaces
for all l ∈ I as pl is by definition of the projective limit topology continuous and there is
a canonical map
p♯l : p
−1
l OXl −→ limi∈I
p−1i OXi = Oprojlim
i∈I
Xi
.
Then, hl ◦ pl : projlimi∈IXi −→ Yl are also morphisms of locally ringed spaces for all
l ∈ I . By 5.1, projlimi∈IYi is a projective limit object in the category of locally ringed
spaces, hence there is a unique morphism of locally ringed spaces
(h, h♯) : projlimi∈IXi −→ projlimi∈IYi
satisfying ql ◦ h = hl ◦ pl, ∀l ∈ I where ql : projlimi∈IYi −→ Yl is the projection. 
We prove the following generalization of a theorem of Chevalley([10][Theorem 2.7]),
saying that the Riemann variety of a function field is quasicompact. We will give a new
proof of this classical theorem using the projective limit representation of the Riemann
variety being introduced in the next section and the associated constructible topology.
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Recall that the constructible topology on a scheme X is given by the basis of constructible-
open sets
{A ∩ U | A ⊂ X Zariski closed and U ⊂ X Zariski open}
We need the following
Lemma 5.3 For each quasicompact scheme X, | X | with the constructible topology is a
Hausdorff quasicompact space.
Proof: Let η, ξ ∈| X | .If η ∈ {ξ} , then {ξ}\{η} is Zariski open in {ξ} and there is a
Zariski open subset U ⊂ X such that
({η}) ∩ ({ξ} ∩ U) = ∅.
{η} is a constructible neighbourhood of η and {ξ} ∩ U is a constructible neighbourhood
of ξ . If η /∈ {ξ} , then
(X\{ξ}) ∩ {ξ} = ∅
and (X\{ξ}) is a constructible neighbourhood of η and {ξ} is a constructible neighbour-
hood of ξ . Hence | X | is Hausdorff.
That X is quasicompact we prove by induction on the dimension.
For dim(X) = 0 , | X | with the constructible topology is a finite discrete set of points and
this is a quasicompact space.
Let dim(X) = n + 1 and let X =
⋃
i∈I Ui be a constructible open covering. Let
ηi, i = 1, ..., d be the generic points of the irreducible components of X . There are indices
i1, ..., id such that the generic points ηj ∈ Uij , j = 1, ..., d .
Uij must contain a Zariski open subset Vj , j = 1, ..., d. X\
⋃d
j=1 Vj is again a quasicom-
pact scheme of dimension at most n, hence by the induction hypothesis, we have that for
the constructible covering
X\(
d⋃
j=1
Vj) =
⋃
i∈I
(Ui ∩ (X\
d⋃
j=1
Vj))
there is a finite subcovering
X\(
d⋃
j=1
Vj) =
n⋃
j=d+1
(Uij ∩ (X\
d⋃
j=1
Vj)).
Hence
X ⊂
n⋃
j=d+1
Uij ∪
d⋃
j=1
Vj ⊂
n⋃
j=1
Uij .

Now, if f : Y −→ Z is a morphism of preschemes, then f is also continuous for the
constructible topologies on Y and Z . Namely, if A ⊂ Z is closed and U ⊂ Z is open, then
f−1(A ∩ U) = f−1(A) ∩ f−1(U) and f−1(A) is closed and f−1(U) is open in Y , since f
is continuous for the Zariski topologies on Y and Z.
11
Definition 5.4 Let X̂ := projlimi∈IXi be a projective limit of preschemes in the category
of of locally ringed spaces. We define the constructible topology on X̂ to be the projective
limit topology over the constructible topologies of the preschemes Xi, i ∈ I .
I.e., for F ⊂ I a finite subset, we declare the set{⋂
i∈F
p−1i (Aij ∩ Uij) | Aij ⊂ Xi Zariski closed and Uij ⊂ Xi Zariski open
}
to be a basis for the constructible topology on X̂.
Theorem 5.5 (Theorem of Chevalley) Let X̂ := projlimXj−→XiXj be a projective limit
of an indexed system ((Xi)i∈I , fij) with Xi quasicompact preschemes over the base field
k with proper and quasicompact transition morphisms fij in the category of locally ringed
spaces . Then | X̂ | with the Zariski topology as well as the constructible topology defined
as above is a quasicompact topological space.
Proof: We first treat the case where each Xi, i ∈ I is a quasicompact scheme. On each
Xi, i ∈ I we put the constructible topology where a basis of open subsets is given by
intersections A ∩ U with A Zariski-closed and U Zariski-open in X . Since each space
Xi, i ∈ I is by 5.3 a Hausdorff quasicompact space with the constructible topology, the
projective limit sits inside the topological product
∏
i∈I Xi as a closed subspace.
Namely, we have
projlimXj−→XiXj =
⋂
i<j
p−1ij Γfij ⊂
∏
i∈I
Xi, (1)
where
pij :
∏
i∈I
Xi −→ Xi ×Xj
is the canonical projection and
Γfij ⊂ Xi ×Xj
is the graph of the transition morphism fij . It is a well known fact from basic topology that
the graph Γ of a continuous map of Hausdorff spaces g : Y −→ Z with Y quasicompact
is a closed subset of Y × Z with the product topology. For the convenience of the reader,
we include a proof.
Let (y0, z0) ∈ Y × Z\Γf . Because the topological product Y × Z is again Hausdorff, for
each y ∈ Y there are open neighbourhoods Uy of (y, f(y)) and Vy of (y0, z0) such that
Uy ∩ Vy = ∅ . By quasicompactness of Γf ∼= Y there exists a finite open subcovering
Γf ⊂
⋃n
i=1 Uyi of the covering Γf ⊂
⋃
y∈Y Uy . We have
Γf ∩
n⋂
i=1
Vyi ⊆
n⋃
i=1
Uyi ∩
n⋂
i=1
Vyi ⊆
n⋃
i=1
(Uyi ∩ Vyi) = ∅.
Hence for each point (y0, z0) ∈ Y ×Z\Γf there exists an open neighbourhood U =
⋂n
i=1 Vyi
with U ∩ Γf = ∅ and hence Γf is closed in Y × Z .
By Tychonov’s theorem, the space
∏
i∈I Xi is quasicompact when equipped with the
product of the quasicompact constructible topologies of the Xi, i ∈ I . Hence X̂ sits as
a closed subset inside the quasicompact space
∏
i∈I Xi and is thus again quasicompact
with respect to the constructible topology. As the Zariski topology is coarser than the
constructible topology, X̂ is also quasicompact with respect to the Zariski topology.
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If each Xi, i ∈ I is in general only a quasicompact prescheme, fix i0 ∈ I and let Xi0 =⋃n
i=1 SpecAi be a finite affine open covering. Then
X̂ =
n⋃
i=1
p−1i0 (SpecAi).
As each fij is assumed to be proper and quasicompact, each f
−1
i0j
(SpecAi) is a quasicom-
pact scheme, so p−1i0 (SpecAi) is a projective limit of quasicompact schemes for i = 1, ..., n .
If
X̂ =
⋃
j∈J
Uj
is any open covering, either for the constructible or the Zariski topology, then we consider
the induced coverings
p−1i0 (SpecAi) ⊂
⋃
j∈J
Uj, i = 1, ..., n
which have by the previously treated case finite open subcoverings
p−1i0 (SpecAi) ⊂
ni⋃
j=1
Uij .
Putting together these finitely many finite open coverings of the p−1i0 (SpecAi) we get a
finite open subcovering
X̂ ⊆
n⋃
i=1
ni⋃
j=1
Uij .

We prove the following application of the proceeding theorem.
Proposition 5.6 Let ((Xi)i∈I , fij) be a projective system of preschemes of finite type
with proper surjective transition morphisms of finite type.
Let X̂ := projlimi∈IXi be its projective limit in the category of locally ringed spaces. Then
for all i ∈ I , the projection morphisms pi : X̂ −→ Xi are also surjective.
Proof: Suppose to the contrary that there exists i0 ∈ I such that
pi0 : X̂ −→ Xi0
is not surjective. Let x ∈ Xi0\pi0(X̂) be any point. Let for all j > i0 Zj := f
−1
i0j
({x}) .
Then as each fi0j is surjective, the Zj , j ≥ i0 are all nonempty. Obviously, for l > j ≥ i0
we have
fjl(Zl) = fjl(f
−1
l ({x}) ⊂ f
−1
j ({x}) = Zj .
As each fjl is surjective, we even have fjl(Zl) = Zj . So ((Zj)j∈I,j>i0 , fjl |Zl) forms
again a projective system of preschemes of finite type with proper surjective transition
morphisms of finite type. Each Zj is even a scheme of finite type over κ(x) because fi0j
was assumed to be proper and of finite type. Each
ẑ ∈ projlimj∈I,j≥i0Zj ⊂ projlimj∈IXj
satisfies pi0(ẑ) = x . But by assumption, there is no such ẑ . So it follows
projlimj∈I,j≥i0Zj = ∅.
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We apply the formula (1) with notation as in the proof of 5.5 to this projective system:
projlimj∈J,j≥i0Zj =
⋂
j<l
p−1jl (Γfjl|Zl ) ⊂
∏
j∈I,j≥i0
Zj .
We equip each Zj , j ≥ i0 with the constructible topology and the above product with
the product topology. Then by 5.3 each Zj is a quasicompact Hausdorff space and the
product
∏
j∈I,j≥i0
Zj is again Hausdorff and quasicompact by the theorem of Tychonoff.
We have deduced that ⋂
j<l
p−1jl (Γfjl |Zl ) = ∅.
By quasicompactness, there are finitely many indices ji, li, i = 1, ..., n such that
n⋂
i=1
p−1jili(Γfjili |Zli
) = ∅.
We now consider the finite projective system P consisting of all Zji , Zli , i = 1, ..., n and
all morphisms fij of the projective system (Zi, fij) between any two of these objects. The
relations for a point z ∈
∏n
i=1 Zji × Zli to lie in
n⋂
i=1
p−1jili(Γfjili |Zli
)
are part of the relations to lie in the projective limit of the system P . So we have
projlimZi∈PZi ⊂
n⋂
i=1
p−1jili(Γfjili |Zli
) ⊂
n∏
i=1
Zji × Zli .
So it follows projlimZi∈PZi = ∅ . Let d ∈ I such that d > ji, d > li∀1 ≤ i ≤ n . Then the
morphisms fjid |Zd and flid |Zd , i = 1, ..., n commute with all transition morphisms of the
projective system P because (Zi, fij) is a projective system and for i < j < d fid = fij ◦fjd
holds. So we get a well defined morphism
Zd −→ projlimZi∈PZi.
As Zd is nonempty we have reached a contradiction. Hence our assumption was false and
pi : X̂ −→ Xi is surjective for all i ∈ I . 
Definition 5.7 Let X̂ := projlimi∈IXi be as above a projective limit of preschemes in
the category of locally ringed spaces with proper transition morphisms of finite type. Let
Z ⊂ X̂ be any subset of X̂ . For each i ∈ I we call ZXi := pi(Z) the trace of Z on Xi.
Theorem 5.8 With the above notation, for all i ∈ I the morphism pi : X̂ −→ Xi is a
closed map for the Zariski topologies on X̂ and Xi, i ∈ I .
For any closed subset Z ⊂ X̂ one has Z = ∩i∈Ip
−1
i ZXi where the intersection can be
replaced by the intersection over any final subset I0 ⊂ I .
Conversely, if one is given for each i ∈ I a Zariski closed subset Zi ⊂ Xi such that for each
i < j fij(Zj) = Zi , then Z := ∩i∈Ip
−1
i (Zi) is Zariski closed in X̂ with trace (Z)Xi = Zi
for each i ∈ I.
Proof: Let Z ⊂ X̂ be a closed subset. By definition of the Zariski topology, there is
I0 ⊂ I and for each i ∈ I0 a closed subset Zi ⊂ Xi such that Z =
⋂
i∈I0
p−1i (Zi) .
14
Let I1 ⊂ I be the final subset of all i ∈ I for which there is an j ∈ I0 with j ≤ i . We
define
Z ′i :=
⋂
j≤i,j∈I0
f−1ji (Zj) for i ∈ I1.
Then ⋂
i∈I1
p−1i (Z
′
i) =
⋂
i∈I1
p−1i (
⋂
j≤i,j∈I0
f−1ji (Zj))
=
⋂
i∈I1
⋂
j≤i,j∈I0
p−1i (f
−1
ji (Zj)) =
⋂
i∈I1
⋂
j≤i,j∈I0
p−1j (Zj)
=
⋂
j∈I0
p−1j (Zj) = Z.
So we can assume that I0 = I1 and replace each Zi with Z
′
i .
For i ∈ I arbitrary, we define
Z ′i :=
⋂
j≥i,j∈I1
fij(Zj).
As each fij is by assumption a proper morphism and all Zi are Zariski closed, so are the
Z ′i, i ∈ I .
We have ⋂
i∈I
p−1i (Z
′
i) =
⋂
i∈I
p−1i (
⋂
j≥i,j∈I1
fij(Zj))
=
⋂
i∈I
⋂
j≥i,j∈I1
p−1i (fij(Zj)) ⊇
⋂
i∈I
⋂
j≥i,j∈I1
p−1j (Zj)
=
⋂
j∈I1
p−1j (Zj) = Z.
On the other hand, ⋂
i∈I
p−1i (Z
′
i) =
⋂
i∈I
p−1i (
⋂
j≥i,j∈I1
fij(Zj))
⊆
⋂
i∈I1
p−1i (
⋂
j≥i,j∈I1
fij(Zj)) ⊆
⋂
i∈I1
p−1i (Zi)
= Z.
Thus ⋂
i∈I
p−1i (Z
′
i) =
⋂
i∈I1
p−1i (Zi)
and we may replace the Zi by the Z
′
i and are now in the following situation:
For each i ∈ I we are given a Zariski closed subset Zi ⊂ Xi such that
Z =
⋂
i∈I
p−1i (Zi).
I claim that , ∀i ∈ I : Zi = ZXi .
We have
ZXi = (
⋂
j∈I
p−1j (Zj))Xi ⊆ (p
−1
i (Zi))Xi
= pi(p
−1
i (Zi)) = Zi,
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thus ZXi ⊆ Zi . Obviously one has Z ⊂
⋂
i∈I p
−1
i (ZXi) as
Z ⊂ p−1i (pi(Z)) ∀i ∈ I.
So we have the following chain of relations
Z ⊆
⋂
i∈I
p−1i (ZXi) ⊆
⋂
i∈I
p−1i (Zi) = Z.
We conclude that equality holds at each place, i.e., Z =
⋂
i∈I p
−1
i (ZXi ) and⋂
i∈I
p−1i (ZXi) =
⋂
i∈I
p−1i (Zi).
These intersections are the same as the intersections restricted to any cofinal directed
subsystem of the directed system .
For, for both systems
(ZXi , i ∈ I, fij |ZXj ) and (Zi, i ∈ I, fij |Zj )
we have fij(ZXj ) ⊂ ZXi and fij(Zj) ⊂ Zi . Let I0 ⊂ I be a cofinal subsystem. For each
j ∈ I there is ij ∈ I0 with j < ij .
As fjij (Zij ) ⊂ Zj we have p
−1
ij
(Zij ) ⊆ p
−1
j (Zj).
Thus ⋂
ij∈I0
p−1ij (Zij ) ⊇
⋂
j∈I
p−1j (Zj) ⊇
⋂
ij∈I0
p−1ij (Zij )
and it follows
⋂
j∈I p
−1
j (Zj) =
⋂
i∈I0
p−1i (Zi) . The case with the ZXi is the same.
From this and
ZXi ⊆ ZXi ⊆ Zi
we get ⋂
i∈I
p−1i (ZXi ) =
⋂
i∈I
p−1i (ZXi).
Suppose there is i ∈ I such that ZXi\ZXi 6= ∅ .
Let zi ∈ ZXi\ZXi be any point. Then as pi(Z) = ZXi we have p
−1
i ({zi})∩Z = ∅ . Since
each fij is assumed to be proper and of finite type, the fibre product
Z ×Xi {zi} = projlimj≥i(Xj ×Xi {zi})
is a projective limit of schemes of finite type over the base field κ(zi) and by 5.5 quasi-
compact.
From
∅ = p−1i ({zi}) ∩ Z = p
−1
i ({zi}) ∩
⋂
j∈I
p−1j (ZXj )
it follows that there are indices j1, ..., jn such that already
p−1i ({zi}) ∩
n⋂
k=1
p−1jk (ZXjk ) = ∅.
Let j0 ∈ I such that j0 ≥ jk, k = 1, ..., n and j0 ≥ i . Then
p−1j0 (Zj0) ⊆
n⋂
k=1
p−1jk (ZXjk )
16
and hence
∅ = p−1i ({zi}) ∩ p
−1
j0
(ZXj0 )) = p
−1
j0
(f−1ij0 ({zi})).
We have
fij0(ZXj0 ) = fij0(pj0(Z)) = pi(Z) = ZXi
and hence
fij0 |ZXj0
: ZXj0 −→ ZXi
is surjective because fij0 is proper, fij0 (ZXj0 ) is closed and contains ZXi .
The set f−1ij0 ({z0}) is therefore nonempty. By 5.6, the projection morphism
pj0 : projlimi∈IZXi −→ ZXj0
of the projective system
((ZXi )i∈I , fij |ZXj
)
with surjective transition morphisms is itself surjective.
Therefore, the set p−1j0 (f
−1
ij0
({zi})) has to be also nonempty, a contradiction.
Thus for each i ∈ I ZXi = ZXi .
Thus the traces ZXi are Zariski closed for each Zariski closed subset Z ⊂ X̂ and each
i ∈ I . Fixing i and letting Z vary it follows that the projections pi : X̂ −→ Xi are closed
maps.
To prove the last statement, as arbitrary intersections of closed subsets are again
closed, it is clear that Z is Zariski closed in R(K(X)) . Obviously for each complete Xi
we have
pi(ZXi) = pi(
⋂
j∈I
p−1j (Zj)) ⊂ pi(p
−1
i (Zi)) = Zi.
Conversely, we consider ((Zi)i∈I , gij := fij |Zj ) as a projective system of preschemes
locally of finite type with proper surjective transition morphisms of finite type. By 5.6 it
follows that for all i ∈ I the projection gi : Ẑ = limj∈I Zj −→ Zi , which is the restriction
of the projection pi : X̂ −→ Xi , is surjective.
We have Ẑ ⊂ X̂ and even because of gi(Ẑ) = pi(Ẑ) ⊂ Zi that
Ẑ ⊂
⋂
j∈I
p−1j (Zj).
It follows that pi |Z :
⋂
j∈I p
−1
j (Zj) −→ Zi is surjective for all i ∈ I and ZXi = Zi . 
Corollary 5.9 Let Z ⊂ X̂ be a Zariski closed subset. Let Zi := (Z)Xi . Then Z ∼=
projlimi∈IZi as topological spaces.
Proof: First, by the proceeding theorem, each Zi ⊂ Xi is a Zariski closed subset of Xi.
Secondly, also by the proceeding theorem, we have Z =
⋂
i∈I p
−1
i (Zi) . In the course of
the above proof we had already shown that there is an inclusion
projlimi∈IZi →֒
⋂
i∈I
p−1i (Zi).
To show the other direction, let (zi)i∈I ∈
⋂
i∈I p
−1
i (Zi) be given. Because
(zi)i∈I ∈ projlimi∈IXi we have fij(zj) = zi.
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Furthermore,
∀l ∈ I, pl((zi)i∈I) ∈ (Z)Xl = Zl
again by the proceeding theorem. Hence (zi)i∈I defines an element in projlimi∈IZi . 
Zariski-Riemann varieties of integral preschemes of finite type Preschemes
are the most general objects of Grothendieck algebraic geometry. Among them, the
schemes are the separated preschemes. Separatedness and properness are most conve-
niently checked by applying the valuative criterion of separatedness and properness (see
[3][part II, chapter 4, Theorem 4.3, p.97, Theorem 4.7, p.101]. As Riemann varieties, de-
fined in the sequel, are the global objects of all valuations of a function field, it is reasonable
to use them for the study of phenomena in the theory of integral preschemes.
The notion of the Zariski-Riemann variety of a function field is classical and goes back to O.
Zariski. We extend the definition to Riemann varieties of integral preschemes. An integral
prescheme can look much different from the basic example of the affine line with the origin
doubled. In higher dimensions, we may glue different birational models along the locus
where they are isomorphic. Going up to the level of Riemann varieties, this phenomenon
vanishes. ”Nonseparated Riemann varieties”, i.e., Riemann varieties of arbitrary integral
preschemes look all like the ”separated” Riemann variety of the function field with closed
subsets being doubled or in general n-tuplified. This opens up the possibility to study
the structure of integral preschemes via the simpler object of their associated Riemann
varieties.
Riemann varieties are locally ringed spaces all of its local rings are valuation rings of a
given function field. They were originally invented in the context of desingularization the-
ory in order to pass from local uniformizations to global resolutions. Although they are
not schemes, in some sense they are higher dimensional analogues of smooth curves (see
[10][XXX2.2]).
One the one hand, one may associate to each integral prescheme of finite type a Riemann
variety, on the other hand, one can associate to an arbitrary field extension K/k such an
object. The two cases overlap if K/k is a function field since as we show later the Riemann
variety R(K/k) is canonically isomorphic to the Riemann variety of any complete model of
K/k . We will need the more general case where K/k is not necessarily finitely generated
but only of finite transcendence degree in our applications, mainly in the situation whereK
is the residue field κ(ν) of a valuation ring Aν of some function field L/k . Before we recall
the definitions we give the proof of a fundamental lemma that we will need throughout
this work.
Lemma 5.10 Let Xi, i = 1, ..., n be a collection of integral schemes of finite type with
quotient field K = K(Xi) . Then there is a normal projective model Y of K/k and open
subsets Ui ⊂ Y, i = 1, ..., n and proper surjective morphisms
pi : Ui −→ Xi .
Proof: First, we compactify each Xi to a complete integral scheme of finite type Yi which
is always possible by the compactification theorem of Nagata (see [8]).
Put Z1 := Y1 and, inductively, choose Zk+1 to be a complete model of K/k dominating
both Zk and Xk+1 , such as does the closure of
U
∆
→֒ U × U →֒ Zk ×Xk+1
where U ⊂ Xk+1, Zk is a common open subset of the birationally equivalent varietiesXk+1
and Zk and ∆ is the diagonal. Put Y
′ := Zn and take as Y any projective model lying
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over Y ′.
By construction, there are proper birational morphisms qi : Y −→ Yi . Put Ui := q
−1
i (Xi)
and pi : Ui −→ Xi , the restriction of qi to Ui . 
Definition 5.11 (1) Let X be an integral prescheme locally of finite type. Let I be the
set of all integral normal preschemes X ′ together with a proper birational morphism fi :
X ′ −→ X . We define i < j if there exists a proper birational morphism fij : Xj −→ Xi
such that fi ◦ fij = fj .
We define the Zariski-Riemann variety R(X) of the prescheme X to be the projective limit
projlimi∈IXi over the directed system ((Xi)i∈I , fij) in the category of locally ringed spaces.
We give now the more classical definition.
Definition 5.12 (2) Let SpecA be an integral affine variety. We construct a locally
ringed space R(SpecA) whose points are the valuations ν of K(A)with A ⊂ Aν .
A basis of open subsets will be the sets R SpecA′ of valuations ν of K(A) with A′ ⊂ Aν
where A′ is a finitely generated k-algebra with the same quotient field as A and there is
an inclusion of finitely generated k-algebras A −→ A′ .
The sheaf of rings will be the one induced by the presheaf inside the constant sheaf K(X),
that takes the value (A′)n on the open set R(SpecA′) for A′ ⊂ K(X) finitely generated
over k and A ⊂ A′ .
If X is an integral prescheme locally of finite type over k with affine open cover X =⋃
i∈I SpecAi , the gluing datum Uij := SpecAi ∩X SpecAj determines a gluing datum
Uij := R(Uij) := {ν ∈ R SpecAi | ν has center in SpecAi ∩ SpecAj}
along which the Riemann varieties (R(SpecAi))i∈I glue in a natural manner to a Riemann
variety R(X) .
Definition 5.13 (3) Let K/k be an arbitrary field extension. We define the Riemann
variety R(K/k) as a point set to be the set of all Krull valuations of K being trivial when
restricted to k . As basic open sets we define the subsets
RK SpecA := {ν ∈ R(K/k) | A ⊂ Aν}
for each finitely generated (!) k-subalgebra A of K.
We define a locally ringed space structure on R(K/k) by defining the structure sheaf
OR(K/k) to be the sheaf associated to the presheaf O
′
R(K/k) generated inside the constant
sheaf K by the requirement that it takes the value An,K on the open subset RK SpecA .
Remark 5.14 By saying that the presheaf O′R(K/k) is generated by the requirement
O′R(K/k)(R
K SpecA) = An,K
we mean that it is the intersection of all presheaves F ⊂ K(X) inside the presheaf K(X)
with F(RK SpecA) ⊇ An,K .
From the first definition and 5.5, we have the following immediate
Corollary 5.15 Let X be an integral prescheme of finite type. Then the Riemann va-
riety R(X) either with the Zariski topology or the constructible topology is a quasicompact
topological space.
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Proof: 
Although arbitrary valuation rings are more difficult to handle in that they are not noethe-
rian, this fact makes them worth to be considered because as we shall see later, restricting
to discrete algebraic rank one valuations, the space R1(K(X)) is definitely not quasicom-
pact.
Remark 5.16 F.V. Kuhlmann proved in [5] the result, saying that the Riemann variety
is still quasicompact with respect to the constructible topology (see[5][Appendix, Theorem
36, p.21] by using model theoretic methods.
Proposition 5.17 i The above notion of the Riemann variety R(X) of an integral
prescheme of finite type as a locally ringed space in (2) and of R(K/k) in (3) is well
defined.
ii If f : X1 −→ X2 is a proper birational morphism of integral preschemes, inducing the
identity on the fields of rational functions then f induces a morphism R(f) : R(X1) −→
R(X2) that maps a valuation ν with center x1 ∈ X1 to itself as an element in R(X2)
with center f(x1) ∈ X2 . R(f) is a homeomorphism of Zariski topological spaces.
iii The assignment RK SpecA 7→ An,K , A ⊂ K(X) a finitely generated k algebra, de-
fines a presheaf O′R of k-algebras on R
K SpecA whose associated sheaf OR satisfies
OR(RK SpecA) = An,K for each finitely generated k-subalgebra A ⊂ K(X) .
iv The stalk at a valuation ν is the valuation ring Aν associated to ν .
v The definitions (1) and (2) are equivalent.
Proof: For a proof in the particular case of X being a complete integral scheme of finite
type, see also [10][Theorem 2.11].
i First, we have to show that if A1, A2 ⊂ K(X) = K are finitely generated and
R SpecA1 = R SpecA2 , then A
n,K
1 = A
n,K
2 such that the above assignment is well
defined. By [7][chapter 4, paragraph 12, Theorem 12.4.(i), p.88], we have
An,K1 =
⋂
ν∈R SpecA1
Aν =
⋂
ν∈R SpecA2
Aν = A
n,K
2
the intersections taken inside K(X) . So the above assignment in (2) and (3) is well
defined.
ii Let R(f) : R(X1) −→ R(X2) be defined as above. If SpecA ⊂ X2 is an affine open
subset, then R SpecA is an open subset of R(X2) and R(f)
−1(R SpecA) consists of
all ν ∈ R(X1) such that f(cX1(ν)) ∈ SpecA ,i.e.,
cX1(ν) ∈ f
−1(SpecA) or ν ∈ R(f−1(SpecA)).
By the continuity of f, f−1(SpecA) is open in X1 and by the definition of the Zariski
topology on R(X1) ,
R(f)−1(R SpecA) = R(f−1(SpecA))
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is open in R(X1) . Thus R(f) is continuous. By the properness of f , each valuation
ν ∈ R(X2) has a unique lift to a valuation ν′ ∈ R(X1)) . It follows that f is bijective.
For each open affine subset SpecA ⊂ X2 , we can consider R SpecA and Rf−1(SpecA)
canonically as subsets of R(K(X1)/k) . By the above arguement, these two sets are
identified as the same subset of R(K(X1)/k) . They both have the same topology, for
if
f−1(SpecA) =
n⋃
j=1
SpecBj ,
then by definitions (2) and (3), we have
R SpecA =
n⋃
j=1
R SpecBj
as subsets of R(K(X1)/k) . It follows that R(f) is a bijective local homeomorphism,
hence a homeomorphism.
iii IfR SpecA ⊂ R SpecB,A,B ⊂ K(X) finitely generated over k, then again by [7][chapter
4, paragraph 12, Theorem 12.4 (i), p.88]
Bn,K =
⋂
ν∈R SpecB
Aν ⊂
⋂
ν∈R SpecA
Aν = A
n,K ,
so the above assignment defines a presheaf O′R.
We show next, that restricted to any R SpecB , O′R is already a sheaf.
Let
R SpecB =
⋃
i∈I
R SpecAi
be an open affine covering. By quasicompactness of R SpecB (5.5) there is a finite
subcovering
R SpecB =
n⋃
i=1
R SpecAi.
By 5.10 we find a normal complete model Y plus open subsets
Ui, i = 1, ..., n and U plus proper birational morphisms
pi : Ui −→ SpecAi, i = 1, ..., n and q : U −→ SpecB.
We must have U =
⋃n
i=1 Ui since by the second part of this proposition, we have
R SpecB = R(U) and R SpecAi = R(Ui), i = 1, ..., n .
From the properness of the morphisms pi, i = 1, ..., n and q and the normality of Y
we further conclude
Γ(Ui,OY ) = (Ai)
n,K = O′R(R SpecAi), i = 1, ..., n
and Γ(U,OY ) = B
n,K = O′R(R SpecB).
The sheaf condition for O′R restricted to R SpecB reduces to the sheaf condition for
OY restricted to the open subset U with respect to the covering U =
⋃n
i=1 Ui . As it
is satisfied for the structure sheaf OY it is also satisfied for O′R |R SpecB . Thus O
′
R
restricted to R SpecB is already a sheaf.
iv Let ν ∈ R(K(X)) be a point. By definition, the stalk OR,ν is equal to the inductive
limit limν∈R SpecB B
n,K . The transition maps are injective since everything sits inside
K(X) . As by [7][chapter 4, paragraph 12, Theorem 12.4 (i), p.88]:
Bn,K =
⋂
µ∈R SpecB
Aµ
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and since the intersection of all R SpecB with ν ∈ R SpecB is precisely {ν} , we have
OR,ν = lim
ν∈R SpecB
Bn,K = lim
ν∈R SpecB
(
⋂
µ∈R SpecB
Aµ) ⊆ Aν .
Conversely, if f ∈ Aν and B ⊂ Aν , then also B[f ] ⊂ Aν and so ν ∈ RK SpecB[f ] .
We have
OR,ν = lim
ν∈RK SpecB
Bn,K = lim
ν∈RK SpecB[f ]
(B[f ])n,K .
So f ∈ OR,ν and Aν ⊂ OR,ν . Hence the stalk OR,ν is equal to Aν .
v We have to show, that
a The projective limit in (1) is as a topological point space the same as R(X) defined
in (2).
b The structure sheaf of the projective limit evaluated at RK(X) SpecA ⊂ R(X) ,
A ⊂ K(X) a finitely generated k-subalgebra of K(X) is equal to An,K(X).
a Let X =
⋃
i∈I SpecAi be a Zariski open covering. By [10][chapter 1.1, Definition
p.1,Theorem 1.2, p.2], for each
ν ∈ RK(X) SpecAni ⊂ R(K(X))
(Ani denotes the normalization of Ai), the valuation ring Aν is the inductive limit
of all local rings Bj ⊂ Aν essentially of finite type. Let ν ∈ R SpecAi . Now if Bj
is any such local ring, let Cj ⊂ K(X) be a finitely generated k-algebra such that
Bj is some localization of Cj .
By 5.10, there is a complete (projective) normal model Y with quotient field K(X)
and open subsets U, V ⊂ Y plus proper birational morphisms
p : U −→ SpecAi
and
q : V −→ SpecCj .
The unique lifts of the centers of ν in SpecAi and SpecCj via the proper birational
morphisms p, q have to coincide since Y was assumed to be complete.
Since U and SpecAi are quasiprojective by [3][chapter II, 7, Theorem. 7.17, p.166]
there is an ideal ai ⊂ Ai such that
p : U = Blai SpecAi −→ SpecAi
is a blowing up morphism. Let Ii ⊂ OX be an ideal sheaf such that I(SpecAi) = ai .
(e.g., Ii = ji,∗ai ∩ OX where ji : SpecAi −→ X
is the open immersion.)
Let Z := BlIiX with canonical projection π : Z −→ X . We then have U ⊂ Z and
π |U= p . Now the local ring OZ,u of the center of ν on U ⊂ Z dominates the local
ring Bj .
We have shown that in the projective system ((Xi)i∈I , fij) of integral preschemesXi,
proper and birational over X , the system of the local rings OXi,xi of the centers of a
valuation ν ∈ R SpecAi is final in the inductive system of all local rings essentially
of finite type under Aν . Thus, the stalk of the structure sheaf of the projective limit
taken at the point x̂ corresponding to the projective system of points (xi), being the
inductive limit of the local rings OX,x is equal to Aν and x̂ = (xi) may be identified
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with ν .
Conversely, each point x̂ of the projective limit X̂ is represented by a projective
system of points (xi)i∈I , xi ∈ Xi such that the local rings OXi,xi form an inductive
system ordered by the relation of domination. By [10][chapter 1.1, Definition p.1,
Theorem 1.2 p.2] there is a valuation
ν ∈ SpecAi ⊂ R(K(X))
whose valuation ring Aν dominates each local ring of this inductive system. By the
above, limi∈I OXi,xi = Aν and the point x̂ can be identified with ν .
So as a point space, | X̂ | coincides with R(X) from definition (1).
We now look at the topologies.
A basic open subset of the projective limit X̂ = projlimXj−→XXj is given by subsets
of the form
n⋂
i=1
p−1i (SpecBi), SpecBi ⊂ Xi Zariski open in Xi
and Xi −→ X a proper and birational morphism.
Let SpecC be an integral affine scheme of finite type with Ai ⊂ C .
Let ν ∈ R SpecC . By what we have just proven, we may identify ν as a point
x̂ = (xi)i∈I ∈ projlimi∈IXi.
It follows that there is j ∈ I such that OXj ,xj dominates the k-algebra C , because
Aν dominates C and Aν = limi∈I OXi,xi . As OXj ,xj is essentially of finite type,
there is an affine open SpecBj ⊂ Xj with xj ∈ SpecBj and C ⊂ Bj . It follows
ν ∈ R SpecBj . I.e., for all ν ∈ SpecC there is j ∈ I and an open SpecBj ⊂ Xj
such that ν ∈ SpecBj .
Therefore, the topology in definition (2), whose basis is given by all
R SpecC ⊂ R SpecAi
is generated by the basis of open neighbourhoods
p−1i (SpecBi) ⊂ R(X)
which is a basis for the topology in definition (1). As the topology in (1) is apriori
coarser than the topology in (2), the topologies from (1) and (2) coincide.
b Let Xi be a normal integral prescheme proper and birational over X and SpecAi ⊂
Xi be an open subset. For each integral normal preschemeXj , proper and birational
over Xi we have
p−1j OXj (p
−1
i (SpecAi)) = p
−1
j OXj (p
−1
j ◦ p
−1
ij (SpecAi))
= OXj (p
−1
ij (SpecAi)) = (Ai)
n,K(X),
since pij is proper and Xj is assumed to be normal. Thus the inductive limit
lim
j∈J
p−1j OXj (p
−1
i (SpecAi))
becomes eventually constant and is equal to (Ai)
n,K(X) .
This holds for each SpecAj ⊂ Xj −→ Xi, Ai ⊂ Aj . Thus the presheaves defined in
(1) and (2) on R SpecAi coincide and the presheaf in (2) is already shown to be a
sheaf.

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Corollary 5.18 Let K/k be a function field. Then the Riemann variety R(K/k) is
isomorphic to the projective limit projlimK(X)=KX over all complete normal birational
models of the function field K/k .
In particular, R(K/k) is isomorphic to the Riemann variety R(X) for any complete model
of K/k and as such quasicompact.
Proof: LetX be any complete model of the function fieldK/k . Comparing the definitions
(2) and (3), we see that R(K/k) and R(X) have the same local structure, they are locally
isomorphic to locally ringed spaces of the form (RK SpecA,ORK SpecA) for A a finitely
generated k-algebra. As X is assumed to be separated, it follows that there is an injective
morphism of locally ringed spaces
φ : (R(X),OR(X)) →֒ (R(K/k),OR(K/k))
which is a local isomorphism and sends RK SpecA ⊂ R(X) to RK SpecA ⊂ R(K/k) ,
where A is a finitely generated k-algebra lying over X i.e., there is an open affine subset
SpecB ⊂ X such that B ⊂ A .
Now, if ν ∈ R(K/k) is any valuation, it follows from the valuative criterion of properness,
that ν has exactly one center on X , say x ∈ X . Then OX,x ⊂ Aν and there is an open
affine subset SpecB ⊂ X such that
B ⊂ OX,x ⊂ Aν
(OX,x is the localization of the finitely generated k-algebra at some prime ideal.) Thus
φ is also surjective. It follows that φ is a bijective local isomorphism and hence an
isomorphism.
By 5.17, the definitions (1) and (2) for R(X) are equivalent and it follows
R(K/k) ∼= R(X) ∼= projlimX′−→XX
′
the projective limit taken over all X ′ lying proper and birational over X .
As the directed system of all X ′ lying proper and birational overX is cofinal in the directed
system of all models of K/k , it follows
R(K/k) ∼= projlimK(X)∼=KX,
the projective limit taken over all models ofK/k . By 5.5, the last quantity is quasicompact.

Lemma 5.19 Let X1 and X2 be integral preschemes and let f : X1 −→ X2 be a proper
surjective morphism. Then the induced map R(f) : R(X1) −→ R(X2) is a morphism in
the category of locally ringed spaces. If f is proper and birational, then R(f) is the identity
morphism.
If k ⊂ K ⊂ L is a tower of field extensions, then the map
φLK : R(L/k) −→ R(K/k)
that sends each valuation ν ∈ R(L/k) to its restriction ν |K to the subfield K , is a
surjective morphism of locally ringed spaces.
Proof: We prove first the second assertion. The surjectivity of the map φLK follows
from the extension theorem for valuations with respect to arbitrary field extensions (see
[9][Vol II, chapter VI, Theorem 11, p.26]).
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We show that the map φLK is continuous. Let A ⊂ K be a finitely generated k-algebra
such that RK SpecA ⊂ R(K/k) is a basic open subset.
Then φ−1LK(R
K SpecA) consists of all extensions of valuations ν of K with A ⊂ Aν to
valuations µ of L with µ |K= ν . Since Aν ⊂ Aµ we have A ⊂ Aµ . Conversely, if A ⊂ Aµ
then, as A ⊂ K we also have A ⊂ Aµ∩K = Aν . Hence φ
−1
LK(R
K SpecA) = RL SpecA and
φLK is continuous.
By 5.17 we have
OR(K/k)(R SpecA) = A
n,K and OR(L/k)(R SpecA) = A
n,L.
Let B ⊂ L be any finitely generated k algebra. Then
φ−1LKOR(K/k)(R SpecB) = limA⊂B∩K
An,K = (B ∩K)n,K
and
φ♯LK(R SpecB) : φ
−1
LKOR(K/k)(R SpecB) = (B ∩K)
n,K
−→ OR(L/k)(R SpecB) = B
n,L
is the natural inclusion
(B ∩K)n,K →֒ (B ∩K)n,L →֒ Bn,L.
Thus
(φLK , φ
♯
LK) : (R(L/k),OR(L/k)) −→ (R(K/k),OR(K/k))
is a morphism of locally ringed spaces.
We first prove the first assertion in the case where X1 and X2 are integral schemes of
finite type. The morphism f induces an inclusion of fields of rational functions K(X2) ⊂
K(X1) . By the first part of this lemma, there is an induced morphism of Riemann varieties
R(K(X1)/k) −→ R(K(X2)/k) . R(X1) ⊂ R(K(X1)/k) is the subset of all valuations
ν ∈ R(K(X1)/k) that have center on X1 , i.e., there exists a scheme point x1 ∈ X1 such
that OX1,x1 ⊂ Aν . Then
OX2,f(x1) ⊂ OX1,x1 ⊂ Aν ,
and
OX2,f(x1) ⊂ Aν ∩K(X2) = Aν|K(X2) .
So R(φK(X1),K(X2))(ν) = ν |K(X2) has center on X2 . Thus the map R(f) is nothing but
the restriction of the morphism R(φK(X1),K(X2)) to the open subset R(X1) ⊂ R(K(X1)/k)
and so itself a morphism of locally ringed spaces.
We turn to the general case. Let SpecB ⊂ X2 be an open affine subset. Since f is proper,
fB : f
−1(SpecB) −→ SpecB is a proper morphism of integral schemes of finite type.
As we have just proven, the induced map R(fB) : R(f
−1(SpecB)) −→ R(SpecB) is a
morphism of locally ringed spaces. Let
X2 =
n⋃
i=1
SpecBi.
Then
∀i = 1, ..., n fBi : f
−1(SpecBi) −→ SpecBi
are morphisms and X1 =
⋃n
i=1 f
−1(SpecBi) . Now if SpecB ⊂ SpecBi is any open affine
subset, then fB = fBi |f−1(SpecB) and
R(fB) = R(fBi) |R(f−1(SpecB))= φK(X1),K(X2) |R(f−1(SpecB)) .
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We can thus glue the morphisms R(fBi), i = 1, 2, ..., n to a morphism R(f) : R(X1) −→
R(X2) .
If f : X1 −→ X2 happens to be proper and birational, since
R(Xi) = projlimX−→XiX, i = 1, 2
and integral preschemes proper and birational over X1 are final in the directed system
of integral preschemes proper and birational over X2 , it follows that the two projective
limits are equal.
So the first part of the lemma is also proven. 
Remark 5.20 For each pair of integral complete varieties X1, X2 with quotient field K,
there is a third variety X dominating both X1 and X2 . By the above lemma, we have
R(X) ∼= R(X1) and R(X) ∼= R(X2) . It follows R(X1) ∼= R(X2) .
Proposition 5.21 Let L/k be an arbitrary field extension. Then
φ : R(L/k) = projlimK⊂LR(K/k),
the projective limit taken over all finitely generated subfields k ⊂ K of L.
Proof: The map φ is defined to be the projective limit of the morphisms
φLKi : R(L/k) −→ R(Ki/k), Ki ⊂ L
an arbitrary finitely generated field extension of k . So φ is itself a morphism of locally
ringed spaces by 5.19 and 5.2. Suppose we are given a system of valuations νi , one for
each finitely generated subfield Ki ⊂ L in such a way that
whenever Kl ⊂ Ki,Kj we have νi |Kl= νj |Kl= νl.
Then we may view (νi)i∈I as an element
(νi)i∈I ∈ projlimKi⊂LR(Ki/k)
and each of its elements can be described in this way. The valuations νi glue to a valuation
ν of L/k since L is the union of its finitely generated subfields. We have φ(ν) = (νi)i∈I .
Thus φ is surjective.
The morphism φ is also injective, because if φ(ν) = φ(µ) for ν, µ ∈ R(L/k) then ν and
µ coincide on each finitely generated subfield Ki of L and therefore also on L, since
L =
⋃
i∈I Ki . Thus φ is bijective.
A basic open subset of the projective limit is given by p−1i0 (R
Ki0 SpecA) , A a finitely
generated k-subalgebra of some Ki0 . As shown earlier in the proof of 5.19,
φ−1LKi0
(RKi0 SpecA) = RL SpecA.
We have by definition
Oprojlim
Ki⊂L
R(Ki/k)
(RKi0 SpecA) = lim
i≥i0
p−1i OR(Ki/k)(R
Ki0 SpecA)
= lim
i≥i0
OR(R
Ki SpecA) = lim
i≥i0
An,Ki = An,L.
Also, OR(L/k)(R SpecA) = A
n,L . The homomorphism
φ♯ : φ−1Oprojlim
Ki⊂L
R(Ki/k)
(RKi0 SpecA) −→ OR(L/k)(R
Ki0 SpecA)
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is induced by the inclusions
An,Ki = OR(Ki/k)(R
Ki SpecA) −→ OR(L/k)(R
L SpecA) = An,L.
Hence φ♯ is the identity homomorphism and φ is an isomorphism. 
Proposition 5.22 Let K/k be an arbitrary field extension. Then the Riemann variety
R(K/k) is equal to the projective limit over all complete integral schemes of finite type
X/k with field of rational functions K(X) ⊆ K and proper surjective transition morphisms
f : Y −→ X of finite type, inducing the canonical inclusion K(X) ⊂ K(Y ) ⊂ K on the
level of rational functions.
Proof: If in the projective system of all complete integral schemes of finite type X/k
with quotient field K(X) ⊂ K and proper surjective transition morphisms we consider for
each subfield Ki ⊂ K , finitely generated over k, the projective subsystem of all X with
quotient field Ki , we get for each i0 ∈ I a map
φi0 : projlimKi⊂K,K(Xij)=KiXij −→ projlimK(Xi0j)=Ki0Xi0j = R(Ki0/k),
which is the canonical projection onto that subsystem and by 5.2 a morphism of locally
ringed spaces. The last equality is the statement of 5.18.
If k ⊂ Ki0 ⊂ Ki1 is a tower of field extensions with Ki0 and Ki1 finitely generated over
k, by 5.19, there is a well defined morphism of locally ringed spaces
φi1i0 := φKi1Ki0 : R(Ki1/k) = projlimK(Xi1j)=Ki1Xi1j
−→ projlimK(Xi0j)=Ki0Xi0j = R(Ki0/k).
We have φi0 = φi1i0 ◦ φi1 because the field extension Ki0 ⊂ Ki1 is finitely generated and
each proper morphism Xi1j1 −→ Xi0j0 with K(Xi1j1) = Ki1 and K(Xi0,j0) = Ki0 has to
be of finite type. We get
projlimKi⊂K,K(Xij)=KiXij = projlimKi⊂KprojlimK(Xij)=KiXij
= projlimKi⊂KR(Ki/k) = R(K/k).
The last final equality is the contents of 5.21. 
Proposition 5.23 Let k ⊂ K ⊂ L be a tower of field extensions. Then the morphism
φLK : R(L/k) −→ R(K/k) is a closed map, i.e., φLK(Z) is closed in R(K/k) for each
closed subset Z ⊂ R(L/k) .
Proof: By 5.22 we may write
R(L/k) = projlimKi⊂L,K(Xij)=KiXij , and R(K/k) = projlimKi⊂K,K(Xij)=KiXij
the projective limit taken over all finitely generated subfields Ki of L and K, respectively.
The morphism φLK is the projection onto the projective subsystem defining R(K/k) .
Let the closed subset Z ⊂ R(L/k) be given. Let Zij := (Z)Xij be the trace of Z on Xij ,
a complete model of Ki = K(Xij) ⊂ L finitely generated. By 5.8, for each Xij , Zij ⊂ Xij
is a Zariski closed subset.
By 5.9 we have
Z ∼= projlimKi⊂L,K(Xij)=KiZij .
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Under this identification,
φLK(Z) ∼= projlimKi⊂K,K(Xij)=KiZij .
By 5.9
projlimKi⊂K,K(Xij)=KiZij
∼=
⋂
Ki⊂K,K(Xij)=Ki
π−1i (Zij)
and this is obviously a Zariski closed subset of R(K/k) . 
For any integral prescheme X locally of finite type over k there is a natural map of
sets pX : R(X) −→ X . Each ν ∈ R(X) is mapped to cX(ν) ∈ X .
Furthermore, there is a natural map of sets qX : R(X) −→ R(K(X)) sending each valua-
tion of R(X) to itself as a point of R(K(X)) .
We have the following
Lemma 5.24 For each integral prescheme X, the maps qX : R(X) −→ R(K(X)) and
pX : R(X) −→ X are morphisms of locally ringed spaces. The morphism qX is a local
isomorphism and the morphism pX is universally closed.
Proof: First, we show the statement for pX .
By definition, R(X) is the projective limit object over all birational models, proper over
X in the category of locally ringed spaces. The map pX appears to be the projection
map onto the factor X , which is by definition of the projective limit topology continuous.
As OR(X) is defined to be the inductive limit over all p
−1
Y (OY ) the homomorphism p
♯
X :
p−1X OX −→ OR(X) is simply the injection into the inductive limit.
If Y −→ X is any morphism of preschemes, then
Y ×X R(X) = lim
K(Xi)=K(X)
Y ×X Xi
is again a projective limit of preschemes with proper transition morphisms and by 5.8 the
base changed map pX ×X Y is closed. Thus pX is universally closed.
Now we show the statement for the map qX .
Let R SpecB ⊂ R(K(X)) be an open subset with B ⊂ K(X) normal.
If X =
⋃
i∈I
SpecAi then R(X) =
⋃
i∈I
R SpecAi.
We show that
q−1X (R SpecB) ∩R SpecAi is open in R(X)
where from continuity follows.
By 5.10 for each i ∈ I there exists a complete integral normal model Yi of K(X) , open
subsets Vi, Ui ⊂ Yi and proper morphisms pi : Vi −→ SpecB and qi : Ui −→ SpecAi . We
have
R SpecB = R(Vi) ⊂ R(K(X)) and R SpecAi = R(Ui) ⊂ R(X).
I claim that the restriction of qX to R(SpecAi) is an isomorphism.
Indeed, SpecAi is a separated integral scheme and a valuation
ν ∈ R(SpecAi) ⊂ R(X)
is sent to the valuation
ν ∈ R(SpecAi) ⊂ R(K(X)).
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So qX restricted to R(SpecAi) ⊂ R(X) is the identity morphism.
It follows, that ν ∈ R SpecAi ⊂ R(X) is mapped into R SpecB ⊂ R(K(X)) precisely
when ν ∈ R(Ui) ∩R(Vi) = R(Ui ∩ Vi) . Thus
q−1X (R SpecB) ∩R SpecAi = R(Ui ∩ Vi)
which is open in R(X) by definition of the projective limit topology. Thus qX is continuous.
Let R SpecC ⊂ R(X) be an open subset, C ⊂ K(X) normal. By definition,
q−1X OR(K(X))(R SpecC) = lim
q−1
X
R SpecBi⊇R SpecC
OR(K(X))(R SpecBi) = lim
i∈I
Bi,
Bi ⊂ K(X) normal. We have to construct a homomorphism of k-algebras
q♯X(R SpecC) : limi∈I
Bi −→ C.
By 5.10, there are complete normal models Yi of K(X) , open subsets Vi, Ui ⊂ Yi and
proper birational morphisms Vi −→ SpecC and Ui −→ SpecBi . Since qX restricted to
R SpecC is the identity map,
R SpecC ⊂ R SpecBi ⊂ R(K(X)),
hence Vi ⊂ Ui . The homomorphism Bi −→ C is then simply the sheaf restriction homo-
morphism
Bi = Γ(Ui,OYi) −→ Γ(Vi,OYi) = C.
The induced map limi∈I Bi −→ C is the required map. As R SpecC is the final element
in the inductive limit, this is the identity homomorphism. 
Corollary 5.25 Let K/k be a function field, ν ∈ R(K/k) an arbitrary valuation and
X any model of K/k . Let pX(ν) = η . Then pX({ν}) = {η} .
Proof: As η ∈ pX({ν}) and by 5.24 the morphism pX is closed, we have {η} ⊆ pX({ν}) .
To show the converse, we have to show, that for each specialization x of η , there is a
specialization ν ◦ µ, µ ∈ R(κ(ν)/k) of ν such that pX(ν ◦ µ) = x . Now, there is an
inclusion of fields over k, κ(η) ⊂ κ(ν) and η is a complete model of κ(η) . There are
canonical continous surjective maps
pη : R(κ(η)/k)։ η and φκ(ν)κ(η) : R(κ(ν)/k)։ R(κ(η)/k),
where the first map is surjective because over each scheme point y of X there is a valuation
with center y on X and the second is surjective by general valuation theory (each valuation
µ′ of κ(η)/k can be extended to a valuation µ of κ(ν)/k). Now choose µ′ such that
cη(µ
′) = x . Then, cX(ν ◦ µ) = cη(µ′) = x . 
We give the following application of the concept of the Riemann variety.
If fij : Xj −→ Xi is a proper birational morphism of models of a function field K/k , there
is an induced homomorphism of groups of Cartier divisors
f∗ij : CDiv(Xi) −→ CDiv(Xj).
Thus the system
Xi 7→ CDiv(Xi), Xi a model of K(X)
fij : (Xj −→ Xi) 7→ f
∗
ij : (CDiv(Xi) −→ CDiv(Xj))
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is a contravariant functor from the category of all models of K/k plus proper birational
morphisms to the category of abelian groups and gives an inductive system of abelian
groups.
Recall that the abelian group of b-Cartier divisors of a function field K/k , denoted by
b-CDiv(K(X)/k) is defined to be the inductive limit over that inductive system:
b-CDiv(K(X)/k) := lim
K(Xi)=K(X)
CDiv(Xi).
Let
CDiv((R(K/k),OR(K/k))) = CDiv(R(K/k)) := Γ(R(K/k),K
∗/O∗R(K/k))
denote the group of Cartier divisors on the locally ringed space (R(K/k),OR(K/k)) .
Proposition 5.26 Let K/k be a function field. Then there is an isomorphism of abelian
groups
α : b-CDiv(K/k) −→ CDiv((R(K/k),OR(K/k)))
defined by
α : [(X,D)] 7→ p∗X(D),
where D is a Cartier divisor on the model X, [(X,D)] indicates the equivalence class of
D in the inductive limit and pX : R(K(X)) −→ X is as usual the projection morphism.
Proof: Let X be any model. The map
p∗X : CDiv(X) = Γ(X,K(X)
∗/O∗X)
−→ CDiv(R(K(X)/k)) = Γ(R(K(X)/k),K(X)∗/O∗R(K(X)/k))
is a homomorphism of abelian groups that comes from the sheaf homomorphism
p♯X : p
−1
X O
∗
X −→ O
∗
R(K(X)/k)
in the following way: we have a homomorphism of sheaves
p♯X : p
−1
X (OX) −→ OR(K(X)).
For fij : Xj −→ Xi a proper birational morphism of models, we have
f ♯ij(O
∗
Xi) ⊂ O
∗
Xj ,
since units are mapped to units and we get
O∗R(K(X)) = lim
i∈I
p−1XiO
∗
Xi ,
the inductive limit taken over the system of maps
p−1i (f
♯
ij) |p−1
i
O∗
Xi
: p−1i O
∗
Xi −→ p
−1
j O
∗
Xj ,
since each unit in limi∈I p
−1
Xi
OXi has to lie in some (p
−1
Xi
OXi)
∗ = p−1Xi (O
∗
Xi
) .
From the universal property of the inductive limit, we get a homomorphism of sheaves
p−1X (O
∗
X) −→ O
∗
R(K(X)) which induces on global sections
Γ(R(K(X)),K(X)∗/p−1X O
∗
X) −→ Γ(R(K(X)),K(X)
∗/O∗R(K(X))).
Finally, we have a homomorphism of abelian groups
Γ(X,K(X)∗/O∗X) −→ Γ(R(K(X)),K(X)
∗/p−1X O
∗
X)
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which sends the cycle (fi)i∈I subordinate to the open covering X =
⋃
i∈I SpecAi to
the cycle (fi)i∈I subordinate to the open covering R(K(X)) =
⋃
i∈I R SpecAi . The
composition of both morphisms is equal to p∗X . Thus each p
∗
X is a homomorphism of
abelian groups. For each proper birational morphism fij : Xj −→ Xi we have fij ◦ pXj =
pXi . We get a homomorphism of abelian groups
b-CDiv(K(X)/k) = lim
i∈I
CDiv(Xi)
lim p∗Xi−→ CDiv(R(K(X)/k)).
This is nothing else than the homomorphism α, for, if D ∈ CDiv(X) corresponds to the
cycle (fi)i∈I subordinate to the open coveringX =
⋃
i∈I SpecAi , then p
∗
X(D) corresponds
to the cycle (fi)i∈I subordinate to the open covering R(K(X)/k) =
⋃
i∈I R SpecAi which
is the above constructed homomorphism. It follows that α is a homomorphism of abelian
groups.
We show that α is injective. Let [(X,D)] ∈ b-CDiv(K/k) be a b-Cartier divisor with
α([(X,D)]) = 0 . Let D correspond to the cycle (fj), j = 1, ..., n subordinate to the open
covering X =
⋃n
j=1 SpecBj . Then there is an open covering
R(K/k) =
⋃
i∈I
R SpecAi,
finer than the covering R(K(X)/k) =
⋃n
j=1 R SpecBj with, say Bj ⊂ Aij , ij ∈ I such that
the cycle ((fj , R SpecAij ))j∈I is trivial.
Because of the theorem of Chevalley we may assume that the index set I is finite, say
I = {1, ...,m} . By 5.10 there is a complete normal model Y of K/k , open subsets
Ui ⊂ Y, i = 1, ...,m plus proper birational morphisms
pi : Ui −→ SpecAi, i = 1, ...,m
plus a proper morphism q : Y −→ X . Since the R SpecAi cover R(K/k) and pi is proper,
the Ui, i = 1, ...,m cover Y . The covering Y =
⋃m
i=1 Ui is finer than the covering
Y =
n⋃
j=1
q−1(SpecBi).
By assumption, the cycle ((fij , Uj))
m
j=1 is trivial and represents q
∗(D) . But the homo-
morphism q∗ : CDiv(X) −→ CDiv(Y ) is injective as q is proper and birational (observe
that we are at the cycle level and not on the level of rational equivalence classes). Thus
D = 0 and α is injective.
Now we show surjectivity of the homomorphism α . A Cartier divisor D on the locally
ringed space (R(K(X)/k),OR(K(X)/k)) is given by a Zariski open covering
R(K/k) =
⋃
i∈I
Ui
and a collection of rational functions
fi ∈ Γ(Ui,K(X)), i ∈ I
such that
fi
fj
∈ Γ(Ui ∩ Uj ,O
∗
R(K/k)),
by definition of the quotient sheafK(X)∗/O∗R . Since open subsets of the formR
K SpecB,B ⊂
K a finitely generated k-algebra, form a basis for the topology for R(K/k) , we may assume
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that there are finitely generated normal k-algebras Ai ⊂ K such that Ui = R SpecAi . By
the theorem of Chevalley, there are finitely many indices i1, ..., in such that
R(K/k) =
n⋃
j=1
R SpecAij .
By 5.10, there is a complete normal model Y of K/k, open subsets
Uj ⊂ Y, j = 1, ..., n plus proper birational morphisms
pj : Uj −→ SpecAij , j = 1, ..., n.
By our well known arguement, we have R SpecAij = R(Uj), j = 1, ..., n and
R SpecAij ∩R SpecAil = R(Uj ∩ Ul), 1 ≤ j < l ≤ n.
We have OR(K/k)(R(Uj ∩ Ul)) = OY (Uj ∩ Ul) by 5.17 and thus
OR(K/k)(R(Uj ∩ Ul))
∗ = OY (Uj ∩ Ul)
∗.
So for 1 ≤ j < l ≤ n we have
fij
fil
∈ OY (Uj ∩ Ul)∗.
Therefore, the collection (fij ), j = 1, ..., n can be considered as a section
D ∈ Γ(Y,K(Y )∗/O∗Y ) = CDiv(Y ).
Thus we have α([(Y,D)]) = D . Since D was arbitrary, α is surjective. 
Definition 5.27 An abstract Riemann variety is a locally ringed space (Z,OZ) which has
an open cover by locally ringed spaces of the form (R(SpecAi),OR(SpecAi)) , where each
Ai is an integral domain of finite type with the same quotient field K.
One might wonder whether for each abstract Riemann variety (Z,OZ) there is an integral
prescheme X locally of finite type such that (Z,OZ) ∼= R(X) .
That this is not the case is shown by the following
Example 5.28 Let K/k be a function field of transcendence degree larger than one and
ν ∈ R(K/k) be a closed point. Then define (Z,OZ) by glueing two copies of R(K/k)
along R(K/k)\{ν} .
Suppose there was an integral prescheme X locally of finite type with R(X) = Z .
Then there are open affine subsets SpecA1, SpecA2 ⊂ X such that one copy ν1 of ν is in
R SpecA1 and the other copy ν2 of ν is in R SpecA2 .
By 5.10 there is a complete integral scheme Y plus open sets U, V ⊂ Y plus proper
morphism p1 : U −→ SpecA1 and p2 : V −→ SpecA2 .
The unique lifts of the centers xi of νi on SpecAi via pi, i = 1, 2 to Y must coincide
and be equal to the center y of ν on Y since Y was assumed to be proper. As ν is a
closed point in R(K/k) , y is a closed point of Y . Hence OY,y dominates the local rings
OSpecAi,xi , i = 1, 2 .
Now let µ 6= ν be any valuation with center y on Y . µ 6= ν always exists because
OY,y is essentially of finite type and not a valuation ring. Then it has centers xi on
SpecAi, i = 1, 2 . Since x1 6= x2 , there is one copy µ1 of µ in R SpecA1 ⊂ R(X) and
a second copy µ2 of µ contained in R SpecA2 ⊂ R(X) . But obviously, Z\{ν1, ν2} is
separated, so it cannot contain two copies of the same valuation, a contradiction. 
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If we refer to the space of discrete algebraic rank one valuations (that is, valuations that
correspond to prime divisors on some blow-up), we will use the notation R1(K(X)) instead
of the correct notion R1,1Ab (K(X)) .
We prove the following
Lemma 5.29 Let K/k be an algebraic function field of characteristic zero with trdeg(K/k) ≥
2 . Then R1(K/k) is not quasicompact.
Proof: Start with a smooth complete model X of K/k, remove one point P , let U1 :=
X\{P} , and inductively, if one has defined Xn, Pn and Un := Xn\{Pn}, then one defines
Xn+1 := BlPnXn , chooses a point Pn+1 on the exceptional divisor of Xn+1 and defines
Un+1 := Xn+1\{Pn+1} . Then we claim that
⋃
nR
1(Un) = R
1(K(X)) but this open
cover has no finite subcover since Un ( Un+1 . Note that
⋃
nR(Un) 6= R(K(X)) , because
exactly the valuations are missing whose valuation rings dominate the direct limit of the
local rings of the points Pn on Xn . These always exist because there is a maximal local
ring dominating the local ring
lim
n∈N
OXn,Pn =
⋃
n∈N
OXn,Pn ⊂ K(X).
We have to show that there is no discrete algebraic rank one valuation having center Pn
on each Xn.
Recall that the discrepancy a(X, νF ) of a variety X at a discrete algebraic rank one
valuation νF is defined by choosing any rational top differential form ω ∈ Λn(Ω(K(X)/k))
and putting
a(X, νF ) := νF (ω)− νF (K
ω
X),
where KωX is the rational section of Λ
n(Ω(OX/k)) corresponding to ω and νF (ω) is
calculated by considering ω as a rational section of Λn(Ω(AνF /k)) and taking the usual
valuation of a Cartier divisor. For closer information about discrepancies see [6][chapter
4, p. 163-191].
Suppose there is such a valuation νE . As every Xn is smooth, it is known that Xn has
so called terminal singularities, which by definition means that for all ν ∈ R1(X) which
are exceptional over X one has a(Xn, ν) > 0 (see [6][chapter 4, section 4.1,Theorem 4-1-3,
p.166]). If one considers the blow-up pn : Xn+1 −→ Xn, then
KωXn+1 − p
∗
nK
ω
Xn = En
(the canonical divisors KXn+1 and KXn are taken with respect to the same rational differ-
ential n-form ω). As νE has center on En (namely the point Pn), we have νE(En) > 0
because the local equation for En (tn = 0) lies in mXn,Pn ⊂ OXn,Pn which is contained in
the maximal ideal mνE ⊂ AνE . This implies that the discrepancy
an := a(Xn, νE) = νE(ω)− νE(K
ω
Xn) > 0
strictly diminishes with growing n. So the (an)n∈N form an infinite strictly monotonously
decreasing sequence of positive integers and this is impossible.
So we conclude R1(K(X)) ⊂
⋃
n∈NR
1(Un) is an infinite open covering which has no finite
subcovering because of R1(Un) ( R1(Un+1) . 
Remark 5.30 This example also shows that, unlike in the case of finite type schemes, not
every open subset of R(X) is quasicompact. One has to take
U :=
⋃
n
R(Un).
The open covering of U by the R(Un) has obviously no finite subcovering.
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A scheme of finite type over a finite or countable base field has only countably many
subschemes which may be seen as follows. The affine coordinate rings are countable and
there are only countably many ideals in a countable noetherian ring as every ideal is
generated by finitely many elements and there are only countably many possibilities to
choose finitely many elements out of a countable set. As X has a finite cover by affine
open subsets SpecAi, i = 1, ..., n , the collection of all subschemes of X which corresponds
to the collection of ideal sheaves (Ij ⊂ OX)j∈I can be injectively mapped to
n∏
i=1
(ideals of SpecAi)
and this is a finite product of countable sets and thus is at most countable.
On the contrary we prove the following
Lemma 5.31 If one is given an integral complete scheme X over a finite field k with
dim(X) > 1, then the set of points of R(X/k) is uncountable.
Proof: Choose any closed point P on X . As in the example in the course of the proof
of 5.29, the set of sequences of points (Pn) , starting with P = P0 is uncountable, because
every exceptional divisor is of dimension at least one and so has at least 2 closed points.
which we can take as Pn . Thus the set of valuations over P0 contains a subset that is
mapped surjectively to the set of arbitrary sequences of zeroes and ones, i.e., arbitrary
binary numbers and this set is uncountable. 
The Riemann variety R(K(X)) is a Zariski topological space, i.e., every irreducible closed
subset has a generic point. The closure of {ν} , where ν is a valuation, is the set of all
valuations composed with ν (see [10][Theorem 2.6]). The closure {ν} is isomorphic to the
Riemann variety R(κ(ν)) , where κ(ν) denotes the residue field of ν . The generic point of
the whole Riemann variety is the point corresponding to the trivial valuation of K(X) .
Proposition 5.32 Let k ⊂ K ⊂ L be a tower of finitely generated field extensions and
ν ∈ R(L/k) . The Zariski topological dimension of the irreducible closed subset {ν} equals
the dimension of ν , i.e., the transcendence degree trdeg(κ(ν)/k) .
We have dim(φLK({ν})) ≤ dim({ν}) .
If Y is any model of L and Z a proper Zariski closed subset of R(L/k) , then pY (Z) is a
proper Zariski closed subset of Y .
Proof: Let dim({ν}) = d . Then there is a chain
ν = ν1, ν2, ..., νd+1
of valuations of R(L/k) with νi+1 ∈ {νi}, i = 1, ..., d . This means precisely that there
are valuations µi ∈ κ(νi) such that νi+1 = νi ◦ µi, i = 1, ..., d . We have κ(µi) = κ(νi+1) ,
which is the residue field of the valuation νi+1 . It follows
trdeg(κ(νi)) ≥ trdeg(κ(νi+1)) + 1 and trdeg(κ(ν1)) = trdeg(κ(ν)) ≥ d.
Suppose the transcendence degree of κ(ν) is srictly larger than d, say d + l, l > 0 . Let
x1, ..., xd+l form a transcendence basis of κ(ν) . We consider affine
(d+ l)-space Ad+lk with field of rational functions k(x1, ..., xd+l) . Let
H1 : (x1 = 0), H2 : (x2 = 0), ..., Hd+l : (xd+l = 0)
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be the coordinate hyperplanes. Put
Dk := ∩
k
i=1Hi, k = 1, ..., d+ l.
By 4.2 and 4.3, the incomplete flag
D1 ⊇ D2... ⊇ Dk, k ≤ d+ l
gives rise to a valuation µk of k(x1, ..., xd+l), k = 1, ..., d+ l and we have
µk+1 ∈ {µk} .
We construct inductively a chain of valuations ν1, ..., νd+l of κ(ν) with
νk+1 ∈ {νk} and φκ(ν)k(x1,...,xd+l)(νk) = µk, k = 1, ..., d+ l.
Since by the extension theorem of valuations the morphism φκ(ν)k(x1,...,xd+l) is surjective,
we find ν1 ∈ R(κ(ν)) with image µ1 in R(k(x1, ..., xd+l)) . Inductively, suppose we have
constructed a chain ν1, ..., νk, k < d+ l with
φκ(ν)k(x1,...,xd+l)(νi) = µi, i = 1, ..., k and νi+1 ∈ {νi}, i = 1, ..., k − 1.
Let µk+1 = µk ◦ωk, ωk ∈ R(κ(µk)) . Again by the extension theorem of valuations, we can
find ξk ∈ R(κ(νk)) with φκ(νk)κ(µk)(ξk) = ωk . Put νk+1 := νk ◦ ξk . Then
νk+1 ∈ {νk} and φκ(ν)k(x1,...,xd+l)(νk+1) = µk+1.
Considering the chain ν, ν1, ..., νd+l , it follows dim({ν}) ≥ d + l , a contradiction. This
proves the first assertion.
The second assertion follows easily from the first: a valuation ν of R(L/k) is mapped to
the restriction ν |K and we have an inclusion of residue fields
κ(ν |K) ⊆ κ(ν).
So it follows
dim(φLK({ν})) = dim({ν |K}) = trdeg(κ(ν |K)) ≤ trdeg(κ(ν)) = dim({ν}).
To prove the last statement, by 5.24, pY (Z) is closed. The Zariski topological dimension
of Z is defined to be
dim(Z) = sup
ν∈Z
dim({ν}).
If η ∈ pY (Z) there is ν ∈ Z with pY (ν) = η . Then κ(η) ⊆ κ(ν) and by the first part
dim(Y ) = dim(R(L/k)) > dim(Z) ≥ dim({ν})
= trdeg(κ(ν)/k) ≥ trdeg(κ(η)/k) = dim({η}),
so the generic point of Y cannot be in pY (Z) and pY (Z) has to be a proper Zariski closed
subset of Y . 
Observe that unlike in the case of noetherian schemes not every closed subset is a finite
union of irreducible ones (see 5.33).
But we have the following lemma characterizing Zariski closed subsets of R(K(X)) being
a finite union of irreducible ones.
Lemma 5.33 A Zariski closed subset Z ⊂ R(K(X)) is a finite union of irreducible closed
subsets if and only if there is a complete model Y such that for all proper and birational
morphisms Y ′ −→ Y the induced morphism ZY ′ −→ ZY is generically finite and the
number of irreducible components of ZY ′ is bounded above by a natural number n.
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Proof: As by [10][Theorem 2.6], each irreducible closed subset has a generic point, if Z is
a finite union of irreducible closed subsets Zi and ηi is the generic point of Zi , according
to [10][Proposition 2.3], for each i there is a complete model Yi such that if yi is the center
of ηi on Yi , the residue field extension κ(yi) ⊂ κ(ηi) is algebraic.
Choosing Y dominating all Yi , if Y
′ −→ Y is a proper birational morphism and y′i is the
center of ηi on Y
′, one has an inclusion of residue fields
κ(yi) ⊂ κ(y
′
i) ⊂ κ(ηi),
hence κ(yi) ⊂ κ(y′i) is algebraic (and finite).
It follows that yi and y
′
i are the generic points of Zi,Y and Zi,Y ′ , respectively. The
morphism
Zi,Y ′ −→ Zi,Y
corresponds to a finite extension of quotient fields, hence it is generically finite.
The number of irreducible components of ZY ′ is bounded by the number of irreducible
components of Z .
To prove the converse, assume that the complete model Y satisfies the assumptions of
the lemma. Choose Y furthermore such that the number of irreducible components of ZY
takes on its maximal value. Let yi, i = 1, ..., n be the generic points of the (finitely many)
irreducible components of ZY . For each proper birational morphism Y ′ −→ Y , the fibres
over the generic points yi of ZY
ZY ′ ×Y Specκ(yi)
are finite and nonempty, because ZY ′ −→ ZY was assumed to be generically finite and
is by definition surjective. Over each yi must lie a point y
′
i . This therefore must be the
generic point of some irreducible component of ZY ′ . But the number of the irreducible
components of ZY was assumed to be maximal, and therefore over each point yi there is
exactly one point y′i in
ZY ′ ×Y Specκ(yi).
Hence in the limit, there is exactly one point ηi ∈ Z lying over yi .
Consider the Zariski closed subset Z ′ := ∪i{ηi} . For all proper birational morphisms
Y ′ −→ Y we have by 5.25 by what was said above
Z ′Y ′ = ZY ′ =
⋃
i
{y′i}.
By 5.8,we have
Z =
⋂
Y ′−→Y
p−1Y ′ (ZY ′) =
⋂
Y ′−→Y
p−1Y ′ (Z
′
Y ′) = Z
′.
Thus Z is a finite union of irreducible closed subsets. 
Remark 5.34 The most simple examples for which the assumptions of the above lemma
are not satisfied are closed subsets of the form Z = p−1Y (A) , A ⊂ Y a closed subset . For
each blow-up sequence Y ′′
q
−→ Y ′
p
−→ Y q with center in p−1(A) of codimension greater
than one, the exceptional divisor of q belongs to ZY ′′ but does not lie generically finite
over ZY ′ .
So closed subsets of the form
Z = p−1Y (A), A ( Y Zariski closed
are not finite unions of irreducible closed subsets.
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6 The structure of integral preschemes
All we know about preschemes which are not schemes is that they are not separated. We
will investigate in this section the closer structure of nonseparatedness, or ”the degree of
nonseparatedness” at particular points of an integral prescheme. If x ∈ X and we can find
a valuation ν ∈ R(K(X)/k) with n distinct centers x1 = x, x2, ..., xn we could say that
the degree of nonseparatedness of the prescheme X at the point x is at least n. We will
make sense of this heuristic idea and introduce a stratification (Xn)n∈N on each integral
prescheme X which we show to consist of constructible sets if X is of finite type and
satisfies the existence condition of the valuative criterion of properness. At each x ∈ Xn
the ”degree of nonseparatedness” will then be exactly n .
We start by giving a structure theorem for integral preschemes locally of finite type with
quotient field K.
Let Ai, Aj ⊂ K be two finitely generated k-algebras with quotient field K. We have the
associated Riemann varieties R SpecAi, R SpecAj ⊂ R(K) . We define the Zariski open
subset
Uij := R SpecAi ∩R SpecAj
of R(K(X)) .
We prove the following
Lemma 6.1 With notation as above, if there is a birational equivalence
φ : SpecAi ⊇ Ui ∼= Uj ⊆ SpecAj ,
then Ui = Uj =: U and p
−1(U) ⊆ Uij . There exists a largest such open subset which we
call Uij and this is the largest open subset contained in p(Uij) .
Proof: Since Ui and Uj have identical quotient field K, the structure sheaves OUi and
OUj are subsheaves of the constant sheaf K . Namely, if SpecBj ⊂ Uj is an affine
open subset, then φ−1(SpecBj) =: SpecBi is again an affine open subset of Ui . The
isomorphism φ♯ : Bj −→ Bi induces the identity on quotient fields and since Bi, Bj are
integral, φ♯ must also be the identity. Hence from R(Ui) ⊂ R SpecAi and R(Uj) ⊂
R SpecAj it follows that
R(U) = R(Ui) = R(Uj) ⊆ Uij .
As every birational equivalence of integral schemes with the same quotient field is the
identity on some open subset, each such collection of birational equivalences glues to a
birational equivalence on the union. By Zorn’s Lemma (or simply by quasicompactness)
there exists a largest such subset Uij with p
−1(Uij) ⊂ Uij or Uij ⊆ p(Uij) . 
Remark 6.2 The subset p(Uij) ⊂ SpecAi, SpecAj is not itself necessarily open. By 5.10
there is a complete normal model Y of K/k and open subsets Vi, Vj ⊂ Y and proper
birational morphisms
qi : Vi −→ SpecAi and qj : Vj −→ SpecAj .
By the properness of qi, qj and 5.19 we have
R SpecAi = R(Vi) and R SpecAj = R(Vj).
It follows Uij = R(Vi ∩ Vj) . The maps
pi : Uij −→ SpecAi, pj : Uij −→ SpecAj
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factor over Y , so
pi(Uij) = qi(Vi ∩ Vj) and pj(Uji) = qj(Vi ∩ Vj).
As the proper morphisms qi and qj are closed but not necessarily open, pi(Uij), pj(Uij)
are in general only constructible subsets of SpecAi, SpecAj ,respectively, by [3][chapter II,
Exercise 3.19, p.94] .
Proposition 6.3 Let K/k be a function field and let Ai ⊂ K, i ∈ I be a collection of
finitely generated k-algebras with quotient field K . With notation as above, let furthermore
for each pair (i, j) ∈ I × I a Zariski open subset U ′ij ⊂ Uij be given.
Assume that for each pair (i, j) ∈ I × I there is a k ∈ I such that U ′ik ∩U
′
jk 6= ∅ (*). Then
there is an integral prescheme X locally of finite type with K(X) = K such that
1 SpecAi ⊂ X is a Zariski open subset for all i ∈ I ,
2 SpecAi ∩ SpecAj = U ′ij , the intersection taken inside X and
3 X =
⋃
i∈I SpecAi .
Conversely, if X is an integral prescheme locally of finite type with quotient field K and
X =
⋃
i∈I SpecAi is a Zariski open covering, if we define
U ′ij = SpecAi ∩ SpecAj ,
then the data
Ai ⊂ K, i ∈ I and U
′
ij , (i, j) ∈ I × I
define by the first part an integral prescheme X ′ with X ′ ∼= X.
Proof: The data
SpecAi, i ∈ I, U
′
ij , (i, j) ∈ I × I and φij : Uij
∼= Uji
define gluing data that satisfy trivially the cocycle condition because φij are the identity
morphisms. This is because all sheaves are subsheaves of the fixed function field K. The
condition (*) ensures that the preschemeX in connected. For, if Xi, Xj are two irreducible
components of X and SpecAi ⊂ Xi and SpecAj ⊂ Xj are two Zariski open subsets, by
(*) there is an index k such that
∅ 6= U ′ik ∩ U
′
jk ⊂ SpecAi ∩ SpecAj ⊂ Xi ∩Xj .
Because each Ai is an integral domain, X is integral.
Conversely, the gluing datum extracted out of the the open covering of X satisfies U ′ij ⊂
Uij , since
R(U ′ij) ⊂ R SpecAi ∩R SpecAj and
∀i, j, k : ∅ 6= SpecAi ∩X SpecAj ∩X SpecAk = U
′
ik ∩X U
′
jk.
Thus X and the prescheme X ′ from the first part are constructed out of the same gluing
datum and consequently X ′ ∼= X . 
We carry on by giving proofs of some versions of the valuative criterion of properness.
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Lemma 6.4 Let X be an integral prescheme such that the natural morphism qX : R(X) −→
R(K(X)) is an isomorphism. Then X is a complete scheme which is a variety if X is
assumed to be locally of finite type.
If qX is assumed only to be injective, then X is a separated scheme.
Remark 6.5 This lemma can be seen as the statement of the fact, that in order to verify
the valuative criterion of properness and separatedness for an integral prescheme X, it
suffices to consider valuations with quotient field K(X) . This is actually well known. See
[2][EGA I, chapter 5, Proposition (5.5.4); EGA II, chapter 7, The´ore`me 7.8.3].
Proof: We want to verify the valuative criterion of properness. Say, we are given a
morphism x : SpecL −→ X and ν a valuation of L/k . If L = K(X), in this case the
valuative criteria of properness and separatedness follow immediately from the bijectivity
or injectivity of the map qX , respectively.
In general, x factors as
SpecL −→ Specκ(η) →֒ X
for some scheme point η . Let νη be the restriction of ν to κ(η) . There is in any case a
valuation ω of K(X) dominating OX,η and having residue field κ(ω) with κ(η) ⊂ κ(ω) .
By the extension theorem for valuations (see [9][Volume II, chapter VI, Theorem 11, p.26]),
we can extend the valuation νη of κ(η) to a valuation νω of κ(ω) .
We form the composite valuation ω ◦ νω (see [10][XXX1.2, Proposition 1.8, Proposition
1.11, Proposition 1.12]), which is again a valuation of K(X) .
According to the bijectivity or the injectivity of the map q, it has a unique (maximal one)
center on X , that is, we get a morphism
SpecAω◦νω −→ SpecOX,η →֒ X
corresponding to the point
ω ◦ νω ∈ R(K(X)).
According to [10][Proposition 1.11], νω corresponds to a prime ideal p in Aω◦νω and the
factor ring Aω◦νω/p is isomorphic to the valuation ring Aνω of κ(ω) . Restricting to
residues we get an extension
SpecAνω −→ X
of the morphism
Specκ(ω) −→ Spec κ(η) −→ X.
It factors over a morphism
SpecAνη −→ X.
Composing with SpecAν −→ SpecAνη we get the desired extension.
In order to show uniqueness of the constructed map
SpecAν −→ Spec κ(η) →֒ X,
if there where two such maps, then by composing some extension νω of νη with the same
valuation ω, we would get two different maps
SpecAω◦νω −→ SpecOX,η,
because the center of a composed valuation ω ◦ νω is equal to the center of
νω ∈ R(κ(ω)) . This is mapped to the center of
SpecAν −→ Specκ(η) −→ X
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on the closure of the image of Specκ(ν) in X .
This contradicts the uniqueness of valuations with quotient field K(X) .
The assertion that X is complete or separated then follows from the usual valuative crite-
rion of properness and separatedness, respectively.
That X is of finite type if it is complete and locally of finite type follows from the quasi-
compactness of the Riemann variety R(X) ∼= R(K(X)) : If X =
⋃
i∈I SpecAi , then
R(X) =
⋃
i∈I
R SpecAi,
hence by quasicompactness there are finitely many indices i = 1, ..., n such that
R(X) =
n⋃
i=1
R(SpecAi).
But this is only possible if X =
⋃n
i=1 SpecAi since otherwise there were a point
P ∈ X\(
n⋃
i=1
SpecAi)
and a valuation centered over P (which always exists) and which would not be in
⋃n
i=1R(SpecAi) .
Hence X possesses a finite covering by spectra of finitely generated k-algebras and is thus
of finite type. 
Remark 6.6 Of course, if one is given a prescheme locally of finite type, it does not need
to be of finite type, one may glue infinitely many copies of the same variety along any open
subvariety. One might wonder whether a separated scheme locally of finite type has to be
of finite type. That this is not the case is illustrated by the following example, see [4].
Let X = P2, and consider a line P1 ⊂ P2 . For each closed point P ∈ P1, consider the
blow-up XP := BlPP2 . Let LP be the strict transform of P1 and EP the exceptional
divisor on XP . We let YP := XP \LP . The open subsets UP := YP \(EP ∩ YP ) are all
isomorphic to P2\P1 , hence we can glue the varieties YP along UP to a prescheme X
together with a morphism X −→ P2.
If the base field is infinite, this is obviously not of finite type but only locally of finite type
because the Yp are varieties.
But X is separated, for, if there were two morphisms
p1, p2 : SpecAν −→ X,
for some valuation ring Aν ⊂ L with image the same generic point SpecL −→ X , the
images of the closed points in P2 must be the same as P2 is separated.
If the image does not lie on P1 , then p1 = p2 ; if the image is a point P ∈ P
1 , then p1
and p2 must have image in YP and this is separated, hence again p1 = p2 . That X is
separated follows from 6.4.
The above lemma also shows that X is not compactifyable to a complete scheme X ′ locally
of finite type because X ′ and hence X would be of finite type.
In order to prove that X satisfies the existence condition of the valuative criterion of
properness, it does not suffice to consider valuations with quotient field K(X) . Consider
the following example.
Example 6.7 Let X be the prescheme obtained from P2 by doubling one line P1 and
then by removing one closed point P from one copy L1 of P1 . Then as X contains P2
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as an open subscheme, there is a morphism SpecAν −→ X for each valuation ν with
quotient field K(X) . But if one considers the generic point η of the copy L1 of P1 , where
one has removed the point P , if µ is the discrete valuation of κ(η) corresponding to P ,
the canonical morphism Specκ(η) −→ X has no extension to a morphism SpecAµ −→ X .

Nevertheless we prove the following lemma.
Lemma 6.8 An integral prescheme satisfies the existence condition of the valuative cri-
terion of properness if and only if for each valuation ω of K(X) , each morphism f :
SpecAω −→ X and each composed valuation ν = ω ◦ µ with µ ∈ R(κ(ω)) , there is
a morphism f ′ : SpecAν −→ X extending f in the sense that f = f
′ ◦ j , where
j : SpecAω −→ SpecAν is the natural inclusion.
Remark 6.9 Observe that the assumptions include the case where ω is the trivial valua-
tion, where the condition comes down to the fact that every valuation of R(K(X)) has at
least one center on X .
Proof: First assume that the conditions of the lemma are satisfied. Let
SpecL −→ X be a morphism factoring over Specκ(η) for some scheme point η of X
and let ν be a valuation of L . The valuation ν induces by restriction a valuation νη of
κ(η) . In any case, there is a valuation µ ofK(X) and a morphism f : SpecAµ −→ X with
center cX(µ) = η on X . It follows that there is an inclusion of residue fields κ(η) ⊂ κ(µ) .
By [10][Proposition 1.14], if K1 ⊂ K2 is any field extension, and ν is a valuation of K1 ,
there is always an extension of ν to K2 . In our case, we can find an extension of the
valuation νη of κ(η) to a valuation νµ of κ(µ) .
We consider the composed valuation ω := µ ◦ νµ . By assumption, there is a morphism
f ′ : SpecAω −→ X extending f . There is a prime ideal p in Aω such that
Aω/p ∼= Aνµ
and the composed morphism
SpecAνµ −→ SpecAω −→ X
is an extension of the morphism
Specκ(µ) −→ Specκ(η) −→ X.
As the valuation νµ of κ(µ) induces the valuation νη of κ(η) , we get an extension of the
above morphism
SpecAνµ −→ SpecAνη −→ X.
As the valuation ν of L induces the valuation νη of κ(η) we get the desired morphism
SpecAν −→ SpecAνη −→ X
extending
SpecL −→ Specκ(η) −→ X.
Conversely, if X satisfies the existence condition, let ω ∈ R(K(X)) and
f : SpecAω −→ X and let η ∈ X be the image of the closed point of SpecAω . If
µ ∈ R(κ(ω)) is given, by the existence condition there is a morphism g : SpecAµ −→ X
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extending the morphism induced by f , Specκ(ω) −→ X . Now the situation is as follows.
Let x ∈ X be the image of the closed point of Aµ . Then there is a prime ideal p in
B := OX,x corresponding to V := {η} and we have a local homomorphism i : Bp ⊂ Aω
with induced inclusion of residue fields
r(i) : Bp/pBp →֒ κ(ω)
as well as an inclusion j : B/pB ⊂ Aµ . B/pB is a subring of Bp/pBp .
The inverse image of Aµ in Aω is by definition the valuation ring of the composed valuation
Aω◦µ ; the inverse image of B/pB in Bp via the residue homomorphism is by a well known
fact of commutative algebra precisely B . This gives the inclusion B ⊂ Aω◦µ which in turn
gives rise to the desired extension
f ′ : SpecAω◦µ −→ X
of f . 
Lemma 6.10 Let X be an integral prescheme of finite type such that the morphism qX :
R(X) −→ R(K(X)) induces an isomorphism R1(X) ∼= R1(K(X)) . Then qX is an iso-
morphism and X is complete.
Proof: We first show that qX is injective. Suppose that there are two points ν1, ν2 ∈ R(X)
of dimension smaller than dimX − 1 having the same image under qX . They cannot have
the same image under the morphism pX : R(X) −→ X , since the image would lie in some
affine SpecA and qX restricted to p
−1
X (SpecA) = R(SpecA) is an isomorphism. Say,
pX(ν1) = x1 ∈ SpecA1 and pX(ν2) = x2 ∈ SpecA2.
We now consider R(SpecA1) and R(SpecA2) naturally as subspaces of R(K(X)) and in
it the subsets
V ({x1}) := p
−1
X ({x1}) ⊂ R SpecA1
and
V ({x2}) := p
−1
X ({x2}) ⊂ R SpecA2.
These are the sets of valuations lying above of x1 and x2 , respectively.
We know that the intersection V ({x1}) ∩ V ({x2}) inside R(K(X)/k) is nonempty; it
contains the point qX(ν1) = qX(ν2) . By 5.10, we can choose a complete model Y of
K(X) , open subsets U1, U2 ⊂ Y and proper surjective morphisms p1 : U1 −→ SpecA1
and p2 : U2 −→ SpecA2 .
As
V ({x1}) ∩ V ({x2}) 6= ∅
and
(V ({x1}) ∩ V ({x2})Y ⊆ V ({x1})Y ∩ V ({x2})Y
we must have
V ({x1})Y ∩ V ({x2})Y 6= ∅.
Let y ∈ Y be any scheme point in this intersection such as cY (qX(ν1)) . The discrete alge-
braic rank one valuation ω corresponding to some irreducible component of the preimage
of the exceptional divisor on the blow-up Bl{y}Y on the normalization (Bl{y}Y )
n has
center
y ∈ V ({x1})Y ∩ V ({x2})Y .
We can also consider V ({x1}) and V ({x2}) as subsets of R(X) since we have natural
inclusions
V ({xi}) ⊂ R(SpecAi) ⊂ R(X), i = 1, 2.
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Inside R(X) their intersection is empty, since the points x1 and x2 are distinct. Over both
points lie two different discrete algebraic rank one valuations ω1 and ω2 ,
ωi := (qX |R SpecAi)
−1(ω) ∈ V ({xi}), i = 1, 2
(observe that qX |R SpecAi , i = 1, 2 is an isomorphism). By construction, they are both
mapped to ω under the morphism qX .
But qX was assumed to be an isomorphism on discrete rank one algebraic valuations, a
contradiction. Hence the assumption was false and q is injective.
If qX were not surjective, then the image under qX of R(X) would be a proper subset
of R(K(X)) . By 6.12 it follows that X is a separated scheme of finite type. The non-
surjectivity of qX then corresponds to the noncompleteness of X . By [8], there is an
integral compactification X˜ of X . But there is always a discrete algebraic rank one
valuation dominating a closed point P of X˜\X (take again the valuation corresponding
to any irreducible component of the preimage of the exceptional divisor E in BLP X˜ in
(BlP X˜)
n ). This valuation would not be in R(X) , contradicting again the assumption that
R1(X) ∼= R1(K(X)) . Thus qX is an isomorphism. 
Remark 6.11 The finite type assumption is essential since we need that the exceptional
divisor of the blowing up of a point gives a discrete algebraic rank one valuation. This is not
true in general. But even if one assumes that X is locally of finite type, the assertion is not
true. As in 5.29, consider with the same notation the sequence of blow-ups Xn+1 −→ Xn .
Then Un = Xn\{Pn} is naturally contained as an open subset in Un+1 = Xn+1\{Pn+1} .
If one puts U :=
⋃
n Un , then U is locally of finite type, separated but not complete, as
the valuations centered above all the Pn are missing in R(U) . But as we have shown,
R1(U) ∼= R1(K(U)) .The proof does not work in this case because a separated prescheme
locally of finite type may not be compactifyable.
This lemma can be seen as a proof of the fact that in order to verify the valuative criterion
of properness, it suffices to consider discrete algebraic rank one valuations of the function
field if one knows that the prescheme in question is integral and of finite type over a base
field.
Lemma 6.12 Let X be an integral prescheme of finite type over the base field k. Consider
the associated Riemann variety R(X) with natural morphism qX : R(X) −→ R(K(X)) .
Then qX is an isomorphism outside a Zariski closed subset of R(K(X)) . More generally,
if U is a Zariski open subset of R(K(X)) , the same holds for the restriction of qX to U .
Proof: If X =
⋃n
i=1 SpecAi is an affine open covering, consider the open subset
U ′ :=
n⋂
i=1
R SpecAi ∩ U inside R(X).
This subset is separated as it is a subset of the Riemann variety of some affine open
subset, say R SpecA1 and these are always separated. Let V := qX(U ′) . The morphism
qX restricted to R SpecA1 is an isomorphism, so U ′ maps isomorphically onto V and this
is an open subset of R(K(X)) .
Suppose, that some point ν ∈ R(X)\U ′ maps to a point ω ∈ V . The valuation ν has to
lie in some affine R(SpecAi) . As remarked above there is always a second point ν
′ ∈ U ′
mapping to ω , and this point ν′ lies a fortiori in R(SpecAi) . As qX is the identity on
R(SpecAi)) , we must have ν = ν
′ , a contradiction. Thus q−1X (V) = U
′ and qX is an
isomorphism over V . Clearly, as V is a finite intersection of open subsets inside U , we
have
U\U ′ =
n⋃
i=1
(U\(U ∩R SpecAi))
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and this is a finite union of Zariski closed subsets inside U and so relatively Zariski closed
inside U . 
Definition 6.13 Let X be an integral prescheme and let
qX : R(X) −→ R(K(X)) , pX : R(X) −→ X
be the natural morphisms. Let n ≥ 1 be an integer. We define the following subsets:
Sn = Sn(X) := {ν ∈ R(K(X)) | ♯ | q
−1
X ({ν}) |≥ n},
Tn = Tn(X) := pX(q
−1
X (Sn(X))).
Remark 6.14 By definition, a point ν ∈ R(K(X)) is in Sn(X) if there exist at least n
distinct preimages under the morphism qX in R(X) .
A point x ∈ X is in Tn(X) if there exists a valuation ν ∈ R(K(X)) and n distinct
morphisms fi : SpecAν −→ X, i = 1, ..., n with (distinct) centers x1, ..., xn ∈ X such that
x1 = x .
If X satisfies the existence condition of the valuative criterion of properness, then the
morphism qX is surjective and S1(X) = R(K(X)) . We have
Sn(X) ⊇ Sn+1(X).
If X ′ is another integral prescheme with the same quotient field K(X) and f : X ′ −→ X is
a proper birational morphism, by 5.19, we have that the natural morphism R(X ′) −→ R(X)
is the identity and the morphism qX′ can be identified with the morphism qX and it follows
that for all n ∈ N, Sn(X ′) = Sn(X) .
For further use in the sequel, we prove an auxiliary lemma.
Lemma 6.15 Let n ≥ 1 be an integer and ν ∈ Sn(X) a point with distinct centers
x1, ..., xn on X. Then there is an integral prescheme X
′ plus a proper birational morphism
f : X ′ −→ X such that if x′i is the unique lift of xi for the valuation ν via the valuative
criterion of properness for the morphism f , the residue field extension κ(x′i) ⊂ κ(ν) is
algebraic for i = 1, ..., n .
Proof: Let xi ∈ SpecAi, i = 1, ..., n , SpecAi an open affine subset of X for i = 1, ..., n .
We first construct a proper (we may even achieve projective) birational morphism X1 −→
X such that if xi1 ∈ X1 is the unique lift of the center x1 of ν on X , then the residue
field extension κ(xi1) ⊂ κ(ν) is algebraic. By [10][chapter 2, Proposition 2.3, p.26] this is
possible for the separated scheme SpecA1 , i.e., we can find an ideal a1 ⊂ A1 such that
on the blow-up Bla1(SpecA1) the residue field extension is algebraic. We can find on X a
sheaf of ideals I1 whose restriction to SpecA1 is a1 (we may take
I1 = j1∗a1 ∩ OX , j1 : SpecA1 →֒ X
being the open immersion). We put X1 := BlI1X . Let
x11 ∈ SpecA1,1, ..., xn,1 ∈ SpecA1,n
be the n distinct centers of νi on X1 which are the lifts of x1, ..., xn ∈ X , respectively.
Then κ(x11) ⊂ κ(νi) is algebraic.
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Suppose we have constructed the integral prescheme Xk, (k < n) plus a proper birational
morphism Xk −→ X such that, if
x1k ∈ SpecAk,1, ..., xn,k ∈ SpecAk,n
are the distinct centers of νi on Xk which are the lifts of x1, ..., xn ,respectively, we have
that
κ(x1k) ⊂ κ(νi), ..., κ(xkk) ⊂ κ(νi)
are all algebraic. Let Let xk,k+1 ∈ SpecAk,k+1 ⊂ Xk . Then we can find an ideal ak,k+1 ⊂
Ak,k+1 such that on the blow-up the residue field extension is algebraic. We find an
ideal sheaf Ik on Xk that extends ak,k+1 on SpecAk,k+1 . We put Xk+1 := BlIkXk .
Let x1,k+1, ..., xn,k+1 be the centers of νi on Xk+1 which are the lifts of x1k, ..., xn,k on
Xk , respectively. By construction, the residue field extension κ(xk+1,k+1) ⊂ κ(νi) is
algebraic. As κ(xjk) ⊂ κ(xj,k+1) and κ(xjk) ⊂ κ(νi) is algebraic for 1 ≤ j ≤ k , so is
κ(xj,k+1) ⊂ κ(νi), 1 ≤ j ≤ k .
We finally put X ′ := Xn . 
Lemma 6.16 Let X be as above an integral prescheme and qX : R(X) −→ R(K(X))
the natural morphism. Suppose that X satisfies the existence condition of the valuative
criterion of properness. Then the sets Sn(X), n ∈ N are closed under specialization.
Proof: Recall that a valuation ω is a specialization of ν iff ω ∈ {ν} , where the closure is
with respect to the Zariski topology on R(K(X)) , iff ω is a composition of ν with some
valuation ν1 on the residue field of ν (see [10][Theorem 2.6]).
Suppose to the contrary that there are n distinct morphisms
f1, f2, ..., fn : SpecAν −→ X
lifting the morphism SpecK(X) −→ X but there are at most n−1 morphisms SpecAω −→
X for a specialization ω of ν . Let ω = ν ◦ ν1 with ν1 a valuation of the residue field of ν .
By 6.15, we can always arrange by blowing up X to p : X ′ −→ X that under the (unique)
lifts f ′1, f
′
2, ..., f
′
n of f1, ..., fn with centers x
′
1, x
′
2, ..., x
′
n , respectively to X
′ , the inclusions
of residue fields
κ(x′1) ⊂ κ(ν), ..., κ(x
′
n) ⊂ κ(ν)
are algebraic, since κ(ν) has finite transcendence degree.
Now by the existence condition of the valuative criterion of properness we can lift the
morphisms
f ′i |Specκ(ν): Spec κ(ν) −→ X
′, i = 1, ..., n
to morphisms
gi : SpecAν1 −→ X
′, i = 1, ..., n.
Let the images of the closed points in X ′ be
y′1, y
′
2, ..., y
′
n ∈ X
′.
Then we can compose the valuations f ′1, f
′
2, ..., f
′
n with g1, g2, ..., gn, respectively to get
valuations
h1, h2, ..., hn : SpecAω −→ X
′
(see [10][chapter 1.2, Proposition 1.8, Proposition 1.11, Proposition 1.12]).
By assumption, there is i, j such that hi = hj . The valuation ν corresponds to a prime
ideal pν in Aω and one has Aν = (Aω)pν . As hi = hj is both a specialization of
fi and fj, respectively, the morphisms fi and fj factor both through the localization
morphism SpecAν −→ SpecAω followed by hi = hj . Hence f ′i = f
′
j , and composing with
p : X ′ −→ X we get fi = fj , a contradiction. 
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Theorem 6.17 Let X be an integral prescheme of finite type and let
qX : R(X) −→ R(K(X)) be the natural morphism. Let n ≥ 2 be an integer. We consider
the Zariski closure Sn(X) of the subset Sn(X) ⊂ R(K(X)) above which each point has at
least n preimages under qX .
Let Z be any complete normal model of K(X) and Z1 be an irreducible component of the
trace Sn(X)Z .
Let ν ∈ Sn(X) be a point of maximal dimension in Sn(X) ×Z Z1 , (i.e., trdegkκ(ν) is
assumed to be maximal among all points of Sn(X)×Z Z1 ).
Then ν ∈ Sn(X) .
Before we are proving the theorem, in order to motivate it, we give its main application,
namely the deduction of the fact that the subsets
Sn(X) ⊂ R(K(X)/k)
are Zariski closed in case X satisfies the existence condition of the valuative criterion of
properness. The proof of 6.17 is difficult and contains the major amount of work necessary
for the proof of this easily formulated fact. All our efforts to show directly that the sets
Tn(X) ⊂ X are Zariski closed, e.g. by using 6.12, the topological Nagata criterion for
openness for the loci X\Tn(X) (see [7][Chapter 8, Paragraph 24, Theorem 24.2, p.186])
and induction on the dimension of X , did not succeed. Guided by [3][Chapter II, 4, Lemma
4.5] saying that the image of a quasicompact morphism of schemes is closed if it is stable
under specialization we are now proving the following
Theorem 6.18 Let X be an integral prescheme of finite type that satisfies the existence
condition of the valuative criterion of properness. Let qX : R(X) −→ R(K(X)) be as
above the natural morphism. Then the locus Sn(X) in R(K(X)) is Zariski closed for all
n ∈ N .
Proof: We may assume that n ≥ 2 since S1(X) = R(K(X)/k) ( as the morphism qX is
surjective) and this is trivially Zariski closed.
Let us fix a point ν ∈ Sn(X) . We can find a finite open affine covering X =
⋃m
i=1 SpecAi ,
compactify each of the SpecAi to a complete variety Yi and find by 5.10 a complete normal
model Y dominating all the Yi , open subsets Ui ⊂ Y, and proper surjective morphisms
pi : U −→ SpecAi, i = 1, ...,m .
We consider the trace Sn(X)Y of the Zariski closure Sn(X) of Sn(X) in R(K(X)) on
Y . Let η be the generic point of the irreducible component Y1 of Sn(X)Y containing the
center cY (ν) =: y of ν on Y .
We choose ω ∈ Sn(X)×Y {Y1} of maximal dimension. If y
′ = cY (ω) , by [10][Proposition
2.3] we may assume by further blowing up Y that the residue field extension κ(y′) ⊂ κ(ω)
is algebraic.
By the previous proposition we have ω ∈ Sn(X) . I claim that we have cY (ω) = η . For,
the dimension of ω is equal to the transcendence degree of κ(y′)/k which is less than the
transcendence degree of κ(η)/k if y′ 6= η . There is always a valuation in Sn(X) with center
η on Y which then has dimension strictly larger than ω , a contradiction. By 5.25, we
have {ω}Y = Y1 . Thus there is a valuation µ composed with ω , µ = ω ◦ ξ, ξ ∈ R(κ(ω)/k)
with the same center y on Y as ν .
By the specialization property (see 6.16), we have µ ∈ Sn(X) , i.e., µ has at least n centers
x1, x2, ..., xn on X . As each xi has to lie in some
SpecAji , i = 1, ..., n, ji ∈ {1, 2, ...,m}
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and we have proper surjective morphisms pj : Uj −→ SpecAj for all j, the unique lifts
yi of the centers xi on Uji have by the completeness of Y all to coincide and to be equal
to y ∈ Y . Hence OY,y must dominate all the local rings OX,x1 , ...,OX,xn .
As Aν dominates OY,y ν has also the centers x1, x2, ..., xn on X . Hence ν ∈ Sn(X) .
Since this holds for any ν ∈ Sn(X) , we must have Sn(X) = Sn(X) and Sn(X) is Zariski
closed in R(K(X)) .

We now give the proof of 6.17.
Proof: By 5.32, Sn(X) is a proper Zariski closed subset of R(K(X)) for all n ≥ 2 .
By 5.32, the trace (Sn(X))Y is a proper Zariski closed subset of Y for all models Y of
K(X) and all n ≥ 2 . We fix a normal complete model Z of K/k , and an irreducible
component Z1 of Sn(X)Z with generic point z1 and a point ν ∈ Sn(X)×Z Z1 such that
the residue field of the corresponding valuation ring has maximal transcendence degree
over k among all points of Sn(X) ×Z Z1. This is possible since the transcendence degree
is bounded above by trdeg(K(X)/k) .
Suppose that ν /∈ Sn(X) . Let x1, ..., xn−1 be the at most n − 1 centers of ν on X . By
6.15 there is an integral prescheme X ′ plus a proper birational morphism f : X ′ −→ X
such that, if x′1, ..., x
′
n−1 are the lifts of x1, ..., xn−1 , respectively, that are the centers of ν
on X ′, then the residue field extensions κ(x′j) ⊂ κ(ν), 1 ≤ j ≤ n− 1 are all algebraic.
As X is assumed to be of finite type, so is X ′ and we have a finite open covering
X ′ =
⋃m′
i=1 SpecA
′
i . We compactify each SpecA
′
i to a complete variety Y
′
i and then
choose a complete variety Y dominating all of these finitely many Y ′i , see 5.10.
Then for each i = 1, ...,m′, we have an open subset Ui ⊂ Y and proper surjective mor-
phisms pi : Ui −→ SpecAi . In particular, if a valuation has center x′ on some SpecA′i ,
then it also has a center on Ui ⊂ Y lying above x.
Note that we do not claim that there is a morphism from Y to X .
By [10][Proposition 2.3] there is a complete model Y ′ −→ Y such that if y′ is the center
of ν on Y ′ , then the residue field inclusion κ(y′) ⊂ κ(ν) is algebraic. We replace Y with
a complete normal model lying over Y ′ and Z. Let η be the center of ν on Y .
From now on we work with complete models Y ′ above this fixed Y and consider the traces
Sn(X)Y ′ . The point η must of course be contained in Sn(X)Y and η must be the generic
point of the irreducible component W of Sn(X)Y that maps to Z1 so that η is mapped
to z1.
Otherwise the local ring at the generic point ofW would be dominated by a valuation ring
Aν′ with corresponding valuation ν
′ ∈ Sn(X)×Z Z1 and then
trdegkκ(ν) = trdegkκ(η) < trdegkκ(ηW) ≤ trdegkκ(ν
′),
a contradiction. For the same reason, if Y ′ −→ Y is any proper birational morphism, the
induced morphism
Sn(X)Y ′ −→ Sn(X)Y
must be over W generically finite. Otherwise over η there would lie a point with larger
transcendence degree which is again dominated by a point of Sn(X) ×Z Z1 with larger
transcendence degree than ν .
Therefore the preimage of η in Sn(X)Y ′ is a finite set and in the projective limit, the set
I := Sn(X)×Y {η} ⊂ Sn(X)×Z {z1} ⊂ Sn(X)×Z Z1
must be profinite (containing ν) and consists of valuations νi, i ∈ I which have all the
same transcendence degree as ν .
For,
trdegkκ(ν) = trdegkκ(η) ≤ trdegkκ(νi),
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but by assumption
trdegkκ(νi) ≤ trdegkκ(ν).
Of course, if the dimension of the residue field of ν is dimX − 1 and Y ′ is normal, then
there is exactly one (discrete algebraic) valuation in the fibre.
We want to show that one of the so constructed νi is in Sn(X). If η is a closed point, then
as there is an open subset η ∈ U ⊂ Y not containing the other irreducible components of
Sn(X)Y we have
Sn(X)×Y {η} = Sn(X)×Y U
is open in Sn(X) and therefore must contain a point of Sn(X) which must be one of the
νi . So we may henceforth assume that dim(η) > 0 .
Suppose all of these νi are not in Sn(X). Then they all have at most n− 1 centers on X .
Let
xij ∈ SpecAij ⊂ X, 1 ≤ j ≤ n− 1, i ∈ I, 1 ≤ ij ≤ m
be the centers of νi on X . Let
x′ij ∈ SpecA
′
ij , 1 ≤ j ≤ n− 1, i ∈ I, 1 ≤ ij ≤ m
′
be their lifts to X ′ . By assumption, Y dominates a compactification Y ′ij of SpecA
′
ij . The
center of νi on Y is by construction ηW . Also, for each morphism
fij : SpecAνi −→ SpecA
′
ij ⊂ Y
′
ij , 1 ≤ j ≤ n− 1, i ∈ I, 1 ≤ ij ≤ m
′
there is a unique lift to a morphism
gij : SpecAνi −→ Y, 1 ≤ j ≤ n− 1
because the morphism pij : Y −→ Y
′
ij
is proper. As Y is itself proper, the centers of the
lifts gij must be ηW and
pij(ηW ) = x
′
ij , 1 ≤ j ≤ n− 1, i ∈ I.
But then, as ηW dominates each x
′
ij , each νi has center on each x
′
ij and as each νi
was assumed to have at most n − 1 centers on X , hence on X ′ , the union of the sets
{x′ij , 1 ≤ j ≤ n− 1} must have at most (n− 1) elements. Hence all the centers of all the
νi are contained in one set
{x′1, ..., x
′
n−1} ⊂ X
′
and each νi has precisely the centers x
′
1, x
′
2, ..., x
′
n−1 on X
′. Let x′j ∈ SpecA
′
ij
, 1 ≤ j ≤
n− 1.
We consider the Zariski closures
Z ′j := {x
′
j}, j = 1, ..., n− 1
of x′j in X
′ which as closed integral subpreschemes of X ′ again satisfy the existence
condition because the morphism
Z ′j →֒ X
′ −→ X
is proper.
We consider the Riemann varieties R(Z ′j), j = 1, ..., n− 1 with their natural morphisms
qZ′
j
: R(Z ′j) −→ R(K(Z
′
j)).
By 5.32, the loci
S2(Z ′j) ⊂ R(K(Z
′
j)), j = 1, ..., n− 1
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are proper Zariski closed subsets of R(K(Z ′j)) .
We need an auxiliary lemma. Recall that the local ring OY,η dominates the (at most)
n− 1 local rings OX′,x′1 , ...,OX′,x′n−1 , and for each i ∈ I , Aνi dominates OY,η . We have
therefore the natural inclusions of residue fields
φj : K(Z
′
j) →֒ κ(η), 1 ≤ j ≤ n− 1 and ψi : κ(η) →֒ κ(νi), i ∈ I.
Lemma 6.19 With notations as above, we have
Sn(X) ∩ {νi} ⊂ νi ◦
〈
n⋃
j=1
R(ψi ◦ φj)
−1(S2(Z
′
j))
〉
, ∀i ∈ I
as subsets of R(K(X)) .
Proof: By the Dirichlet box principle. The sets Sn(X) ∩ {νi} , are the sets of valuations
composed with νi that have at least n centers on X , (and so on X
′ ). If µi = νi ◦ωi where
ωi is a valuation of κ(νi) and we have n different morphisms
f1, f2, ..., fn : SpecAµi −→ X
′
corresponding to n different centers z′1, ..., z
′
n ∈ X
′ , by the Dirichlet box principle there
are i, j ∈ {1, ..., n} such that the induced restrictions of fi, fj to
SpecAνi ⊂ SpecAµi
coincide. This is because νi was assumed to have at most (n− 1) centers on X ′ , namely
x′1, ..., x
′
n−1 . We have the following inclusions of residue fields
κ(x′j) = K(Z
′
j)
φj
→֒ κ(η)
ψi
→֒ κ(νi).
We have an induced diagram of morphisms of Riemann varieties
R(K(X))
νi◦(−)
←֓ R(κ(νi))
R(ψi)
−→ R(κ(η))
R(φj)
−→ R(κ(x′j)).
The n centers
z′1, z
′
2, ..., z
′
n of f1, f2, ..., fn
have to lie in the Zariski closures of {x′1}, {x
′
2}, ..., {x
′
n−1} , respectively, hence in Z
′
1, ..., Z
′
n−1 .
It follows that there is i ∈ {1, 2, ..., n−1} and j 6= i such that z′i, z
′
j ∈ Z
′
i . So the valuation
ωi of κ(νi) induces by restriction a valuation ω
′
i on K(Z
′
i) which has at least 2 centers,
namely z′i, z
′
j on Z
′
i . It follows that ω
′
i ∈ S2(Z
′
i) .
Then,
ωi ∈ R(ψi ◦ φj)
−1(S2(Z
′
j)) ⊂ R(κ(νi)) ⊂ R(K(X)).
Under the inclusion
νi ◦ (−) : R(κ(νi)) →֒ R(K(X))
we get the result. 
We carry on with the proof of the theorem.
By 5.19, the maps
R(ψi) : R(κ(νi)) −→ R(κ(η)) and R(φj) : R(κ(η)) −→ R(K(Z
′
j))
49
are surjective morphisms of locally ringed spaces (see also the extension theorem for valua-
tions for algebraic field extensions in [10][chapter 1, Proposition 1.14, p.11]). Since S2(Z ′j)
is a proper closed subset of R(K(Z ′j)), j = 1, ..., n− 1 , the sets R(ψi ◦ φj)
−1(S2(Z ′j)) are
proper Zariski closed subsets of R(κ(νi)) ∀i ∈ I, 1 ≤ j ≤ n . Therefore, for each fixed i ∈ I
the finite union
n⋃
j=1
R(ψi ◦ φj)
−1(S2(Z ′j))
is a proper Zariski closed subset of R(κ(νi)) . By 6.19,
∀i ∈ I : Sn(X) ∩ {νi}
is a fortiori a proper Zariski closed subset of
R(κ(νi)) ∼= {νi}.
Since the morphism R(ψi) is closed (see 5.23) and surjective (see 5.19), we have
R(ψi)(R(ψi ◦ φj)
−1(S2(Z ′j)) = R(φj)
−1(S2(Z ′j)), ∀i ∈ I, j = 1, ..., n− 1
and
n−1⋃
j=1
R(φj)
−1(S2(Z ′j))
is a Zariski closed subset of R(κ(η)) .
By 5.32 it is even a proper Zariski closed subset of R(κ(η)), since
dim(R(κ(νi))) > dim(
n⋃
j=1
R(ψi ◦ φj)
−1(S2(Z ′j)))
≥ dim(R(ψi)(R(ψi ◦ φj)
−1(S2(Z ′j))) = dim(R(φj)
−1(S2(Z ′j)))
and dim(R(κ(νi))) = dim(R(κ(η))) .
Observe that W is a birational model of κ(η) , so we can calculate the traces with respect
to W of closed subsets of R(κ(η)) . We have
(R(ψi)(
⋃
i∈I
Sn(X) ∩ {νi}))W ⊂ (R(ψi)(
⋃
i∈I
n−1⋃
j=1
R(ψi ◦ φj)
−1(S2(Z ′j))))W
= (
n−1⋃
j=1
R(φj)
−1(S2(Z ′j)))W
As
n−1⋃
j=1
R(φj)
−1(S2(Z ′j))
is a proper closed subset of R(κ(η)), by 5.32, its trace
(
n−1⋃
j=1
R(φj)
−1(S2(Z ′j)))W
must be a proper closed subset of W . Otherwise, there should be a valuation µ above η
in this set and the only valuation in R(κ(η)) = R(κ(ηW )) is the trivial valuation which is
the generic point of R(κ(η)) . Hence the trace
(
⋃
i∈I
R(ψi)(Sn(X) ∩ {νi}))W
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is a proper Zariski closed subset of W .
The valuation νi cannot be in the closure of Sn(X) if there are no points of Sn(X) with
center inW\(
⋃n−1
j=1 R(φj)
−1(S2(Z ′j)))W . We conclude that there is a valuation µ ∈ Sn(X)
having center
w ∈W\(
n−1⋃
j=1
R(φj)
−1(S2(Z ′j)))W .
The valuation µ has at least n centers x1, x2, ..., xn on X which are dominated by centers
y1, y2, ..., yn of µ on Y which by completeness of Y must be equal to w ∈W . Now, because
({νi})W = W , there is a valuation µ′ composed with some νi that has the same center
w on Y . But as OY,w dominates all OX,x1 ,OX,x2 , ...,OX,xn and we have a morphism
SpecAµ′ −→ SpecOY,w , µ′ also has at least n centers x1, x2, ..., xn on X , hence belongs
to Sn(X) ∩ {νi} . But then µ′ must have center in
(
n−1⋃
j=1
R(φj)
−1(S2(Z ′j)))W ,
a contradiction.
Hence our assumption was false and there is an i0 ∈ I such that νi0 belongs to Sn(X) .
In order to show that also ν ∈ Sn(X) , we know that νi0 has at least n centers x1, x2, ..., xn
onX . By what was said above,OY,η dominates all the local ringsOX,x1 , ...,OX,xn . ButAν
dominates OY,η , hence has also x1, ..., xn as n distinct centers on X , meaning ν ∈ Sn(X) .

Corollary 6.20 With notation as in the above theorem, for each integral
prescheme X of finite type satisfying the existence condition of the valuative criterion of
properness and for each n ∈ N the sets Tn(X), n ∈ N are Zariski-closed subsets of X.
Proof: By definition,
Tn(X) = pX(q
−1
X (Sn(X))), n ∈ N.
As qX is continuous, by the above theorem, q
−1
X (Sn(X)) is closed in R(X) . As by 5.8,
pX is a closed map, Tn(X) = pX(q
−1
X (Sn(X))) is Zariski-closed in X . 
Now we further investigate the structure of the sets Tn(X), n ∈ N for an integral
prescheme X of finite type.
Lemma 6.21 Let X be an integral prescheme of finite type satisfying the existence con-
dition of the valuative criterion of properness. Then there is N ∈ N such that Tn(X) =
∅, ∀n > N
Proof: Let X =
⋃N
i=1 SpecAi be an open affine covering and n > N be given. If Tn(X)
was nonempty, there would be a valuation ν ∈ R(K(X)) with n distinct centers on X and
by the Dirichlet box principle, two of them would lie in some SpecAj , contradicting the
separability of SpecAj . Thus Tn(X) = ∅ ∀n > N . 
Definition 6.22 Let X be an integral prescheme of finite type satisfying the existence
condition of the valuative criterion of properness. We put
Xn := Tn(X)\Tn+1(X), n ∈ N
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and call the collection (Xn)n∈N the canonical stratification of the prescheme X.
Remark 6.23 By 6.20, each Tn(X), n ∈ N is a Zariski-closed subset. Hence
Xn = Tn(X)\Tn+1(X) = Tn(X) ∩ (X\Tn+1(X))
is a constructible set. By 6.21, Tn(X) = ∅ for some N ∈ N, ∀n > N and the canonical
stratification is finite.
In general, we do not have that Xn+1 ⊂ Xn . Consider the following example. Let X be
the integral prescheme of finite type obtained by triplicating one closed point of P1
C
. Then
X2 = ∅ and X3 consists of the three triplicated points.
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